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Abstract

We estimate the chromatic number of graphs whose vertex set is the set of edges of a complete
geometric graph on n points, and adjacency is defined in terms of geometric disjointness or geometric
intersection.

1 Introduction

For integersn > k > t > 0, the general Kneser graph K (n, k, t) is defined as the graph whose vertices are
al k-subsetsof theset {1,2,...,n} andtwosuch sets X and Y joined by anedgeif andonly if | X NY| < ¢
(see e.g. [3]). Kneser [5] conjectured the following result on the chromatic number: x(K(n,k,1)) =
n—2k+2foral 2 < k < n/2. Thiswas proved by Lovéasz [8] using tools from algebraic topology. A
shorter proof was given shortly after by Barany [1], and a purely combinatorial proof has been obtained
recently by Matousek [9].

In this paper we discuss the following two geometric versions of the problem. Let S be aset of »n points
in general position in the plane (i.e., no three points collinear), and consider two graphs D(S) and I(.S)
whose vertex set consists of all subsetsof £ pointsin .S. Two such sets X and Y areadjacent in D(.S) if and
only if their convex hulls are disoint, and are adjacent in 1(.S) if and only if their convex hulls intersect.

In the sequel, we restrict ourselves to the case k = 2, and refer to D(.S) and I(.S), respectively, as the
segment digjointness graph of .S and the segment intersection graph of S. Let

d(n) = max{x(D(S)) : S c R?isin genera position, |S| = n},

and similarly
i(n) = max{x(I(9)) : S c R?isingeneral position, |S| = n}.

If we restrict our attention to point sets in convex position, then the corresponding functions are denoted
by d.(n) and i.(n), respectively. In this case we denote the corresponding graphs D(n) and I(n), since
clearly they depend only on the number n of points and not on the particular position of the points. With
this notation d.(n) = x(D(n)) andi.(n) = x(I(n)). Weclearly have d.(n) < d(n) andi.(n) < i(n).

Our first result provides bounds for the functions d.(n) and d(n). Throughout this paper, logarithms
are to the base two.
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Theorem 1 For any n > 3 we have

(i) 2| ] — 1 < de(n) < min (n —-2,n— UognJ

(i) 5[%] <d(n) < min (n —2,n+ 4 — Loslosn] )
2

Noticethat D(n) isaspanning subgraph of K (n, 2,
d(n) are smaller than the corresponding valuen — 2 =
when geometry comesinto play.

Our second result gives bounds for the functionsi.(n) and i(n).

). The fact that the chromatic numbers d.(n) and
Xx(K(n,2,1)) showsadifferent qualitative behavior

A)—\

Theorem 2 For any n > 3 we have
(i) ic(n) =n.

(ii) n < i(n) < Cn3/?, for some constant C' > 0.

It is easy to check that for fixed k > 3, d(n) = O(n) and i(n) = ©(n¥), and thisis why we restrict
our attention to the case k = 2. Let 3 < k < n/2 be afixed integer, and S be a set of n points in general
position in the plane. That d(n) = O(n) follows from the upper bound x (K (n, k, 1)) < n — 2k + 2; see
aso the proof of Theorem 1 below. To seethat d(n) = 2(n), consider sweeping a vertical line across S to
get |n/k| subsets of & points each, whose convex hulls are pairwise disjoint, thus each requires a different
color. Consider next i(n). Coloring each subset of k& points of .S with a different color gives the trivial
upper bound i(n) = O(n¥). If S isaset of n pointsin convex position, say in clockwise order, it can be
partitioned into & consecutive groups of at least |n/k| points each. The set of convex k-gons formed by
selecting one point in each group, consists of pairwise intersecting polygons and has size Q(n*). Thuseach
such subset of & points requires a distinct color.

There is ayet another graph which is worth exploring, suggested to us by Janos Pach. We say that two
segments cross if they have an interior point in common. For a set of points .S, define the graph 1 (S)
whose vertices are all the segments determined by pairs of pointsin S, two of them being adjacent if they
do not cross. Define w(n) as the maximum of x (W (S)) among sets S of n points in general position,
and define w.(n) analogoudly for points in convex position. We clearly have w.(n) < w(n). Observe that
D(S) isaspanning subgraph of W (S), sod(n) < w(n).

Theorem 3 For any n > 3 we have

(i) we(n) =0O(nlogn).

(i) einlogn < w(n) < con? - lolgol%, for some constants ¢y, ca > 0.

In fact we discovered after our research that the case for w.(n) had aready been studied and the same
bound obtained [6], nevertheless we include our proof for the sake of completeness.

Asafinal clarification, let us mention what the independent sets (i.e., color classes) and cliques are for
each type of coloring. Recall that a (geometric) thrackle is a geometric graph whose every pair of edges
intersect (at an interior point or at a common endpoint). For Theorem 1, the independent sets are thrackles,
and the cliques are plane matchings. For Theorem 2, the independent sets are plane matchings, and the
cliques are thrackles. For Theorem 3, the independent sets are crossing matchings, and the cliques are
plane graphs.



2 Proof of Theorem 1

Lower bounds. A geometric graph G = (V, E) is a graph drawn in the plane so that the vertex set V'
consists of pointsin the plane, no three of which are collinear, and the edge set £ consists of straight line
segments between points of V' (cf. [10]).

Theorem 4 (G. Karolyi, J. Pach and G. Toth, [4]) If the edges of a compl ete geometric graph on n vertices
are colored by two colors, there exist | 2 | pairwise disjoint edges of the same color.

To prove alower bound of 2| %! | — 1 on d.(n) and d(n), consider aset S of n in general position in
the plane. Let C1, Cs, ..., Cy, beak-coloring of D(.S). Consider the following bipartition of the segments
with endpointsin S:

AZClUCQ...UCgJ, B:CL§J+1U...UCk.

Since either A or B must contain L”T“J disjoint edges (by Theorem 4), which must in turn belong to
different color classes, we get
V-‘ VL 5 1J
— | > ,
2|~ 3

For points in genera position, we show a better lower bound of 5| % |. First note that for any positive
integers ¢ and j, suchthat n > ¢ - j, we have d(n) > i - d(j), Since we can use place i copies of j points
such that the convex hulls of the j-sets are pairwise digoint, and the resulting set isin general position. Set
i = |%]andj = 7, and consider the configuration of seven points shown in Fig. 1, with four points as
vertices of arectangle and three points inside the rectangle and close to the middle points of three rectangle
sides.

The case analysis below shows that the chromatic number of the segment disjointness graph of the
configuration in Fig. 1 is at least five, hence d(7) = 5. Assume for contradiction that four colors, say
green, blue, red and purple, are sufficient.

from which the bound follows.

4 3

1 2

Figure 1: A configuration of seven points: proof of the lower bound on d(n).

Case1 Thetriangle with vertices 5, 6 and 7 is monochromatic, say green: 56, 57 and 67 are green. Color
12 with blue and 34 with red. Clearly, one of the segments 15 and 27 is blue and the other is purple.
By symmetry, we can assume that 15 isblue and 27 is purple. Then 45 isred and 37 is purple. The
segment 26 cannot be colored with any color, which is a contradiction.

Case 2 The triangle with vertices 5, 6 and 7 is bichromatic, having the segments 65 and 67 of the same
color: say 65 and 67 are green, and 57 isred. Color 12 with blue and 34 with purple. Clearly, one of
the segments 45 and 37 is red and the other is purple. By symmetry, we can assume that 45 is red.
Then 27 must be colored blue, and 14 cannot be colored, contradiction.



Case 3 The triangle with vertices 5, 6 and 7 is bichromatic, having the segments 56 and 57 of the same
color: say 56 and 57 are green, and 67 isred. Color 12 with blue and 34 with purple. Clearly, one of
the segments 14 and 23 is purple and the other isblue. If 14 is purple (and 23 isblue), then 37 isred,
and thereis no color left for 16, contradiction. If 14 isblue (and 23 is purple), 45 isgreen, 27 isred,
26 isred, and then one cannot assign any color to 47, contradiction.

Case 4 Thetriangle with vertices 5, 6 and 7 is trichromatic, say red, blue and green. It is easy to see that
segments 12 and 34 are digoint and need two new colors. We have obtained again a contradiction.

By symmetry with Case 3, the case when the triangle with vertices 5, 6 and 7 is bichromatic, having the
segments 75 and 76 of the same color, is omitted.

Observations. A weaker lower bound of 252 on d..(n) and d(n), follows immediately from the fact that
any geometric graph with n verticesand at least n + 1 edges contains two disjoint edges [2] (see aso [10]).

It is likely that our lower bound on d(n) can be improved using another “small” point configuration,
having more points than the onein Fig. 1.

Upper bounds. Let S be aset of n pointsin general position in the plane and D(.S) its corresponding
disiointness graph. Since D(S) is a subgraph of K (n,2,1), the upper bound of n — 2 on x(K(n,2,1))
appliesto both d.(n) and d(n) aswell. To be precise, the coloring is as follows: arbitrarily label the points
with {1,2,...,n}; fori =1,2,...,n — 2, color al segments (4, j), where ¢ < j, using color ¢; use color
n —2tocolor (n — 1,n) aswell.

We now prove the upper bound for pointsin convex position. Given aset S of pointsin convex position,
we define the boundary-distance between any two points p,q € S as the minimum number of edges
between p and ¢ on the boundary of the convex hull of S; that is, d(p,q) = 1 if p and ¢ are adjacent, and
so on. Label the n points which define D(n) as{1,2,...,n}. In order to produce the required coloring of
D(n) we proceed recursively. For r < n, let D(n,r) be the subgraph of D(n) induced by the segments
(i,7) such that d(i, j) > r. Noticethat D(n,0) = D(n) and that D(n,r) isempty if » > n/2. The key
point is the following claim.

x'4+2r

r=5

Figure 2: Pointsin S are white, pointsin 1" are black. Sets A, are drawn with solid lines, sets B, with
dashed lines.

Claim 1 If D(n,r) can be colored with ¢ colors, then D(2n,r — 1) can be colored with ¢ + n colors.



Proof. Assumewe haveac-coloringof D(n,r). LetT beaset of n new points such that SUT isin convex
position and the pointsof S and T alternate along the convex hull. Thatis, werelabel S = {1,3,...,2n—1}
and T = {2,4,...,2n}. Then we can consider D(n,r) as a subgraph of D(2n,r — 1), the latter being
definedon SUT = {1,2,...,2n}. Our task isto color the segments of D(2n,r — 1) notin D(n,r) with
only n additional colors.

Foranew pointx € T, leta’ =z — (r — 1) if r iseven, and 2’ = x — r if r isodd. Additionsin this
proof are modulo n. Notice that in both cases 2’ € S. Also, let 2/ = x — r and notice that 2"/ = 2’ if r is
odd (see Fig. 2 for an example). Define also the sets of segments

A :{ {(z,2")} U {(z,y) |d(z,y) >+ 1} forreven,
’ {(z,2"}U{(z,y) |d(z,y) > r} for  odd.

where the boundary-distance d(x, y) iswith respect to S U 7', and

B {(@ 2 +7r), (@2 +r+2),..., (22" +2r)} for r even,
T @+ r+ 1), (@2 +r+3),..., (22" + 2r)} forr odd.

Finally, set C, = A, U B,. Notice that segmentsin B, always join pointsin S. It isimmediate to check
that any two segments of C, intersect, so that C,, is an independent set in D(2n,r — 1) and can be colored
with asingle color (refer again to Fig. 2).

Then the coloring of D(2n,r — 1) isasfollows. Start with point 2 € 7" and color C with anew color.
Then color C4 with a second new color, and continue in this way up to Cs,,, using atotal of n new colors.
At some point, we shall be coloring a segment in some C,, aready colored in a previous step; it does not
matter, the segment gets the last color received in the process. Since this is a correct coloring scheme, it
only remains to see that all the ssgmentsin D(2n,r — 1) have been colored. There are three cases.

1. Segmentsjoining pointsin S at boundary-distance greater than or equal to 2 4 2 are already colored
by theinitial coloring of D(n,r).

2. Segments joining points in 7" belong to one of the A, and have been colored; the same applies to
segments (i, j) withi € S, 5 € T and d(i,j) > r.

3. Finaly, segments joining pointsin S at boundary-distance at most 2 belong to one of the B, and
thus have been colored.

This concludes the proof of the claim. O

To prove the upper bound, suppose first that n is power of 2: n = 2% where k > 2. Let = be the
smallest positive integer for which z > 2k—% /2 = 2k—2—1,

Clam2 z <k — [logk] + 1.
Proof. It isenough to show that for x = k& — [log k] + 1, we have

x> okl (1)
(since LHSisincreasing in z, and RHS isdecreasingin ). Let k = 2P + r,where1 < r < 2P, andp > 1.

Then (1) isequivalent to
k— [logk] + 1 > 2llosk1=2,



or
2 4r—p—1+1>20H172

This amounts to verifying that 2= > p — », which followsfrom2°=1 > p —1 > p —r. O

Notice that by the choice of =, D(2¢~® ) is empty. Applying Claim 1 repeatedly, we arrive at a
coloring of D(2*,0) = D(n) using anumber of colors not more than

2k—1 + 2k—2 + . _|_ 2k—$+1 _|_ 2k}—$ — 2k _ 2k‘—1‘.

By Claim 2,

oz < ok—k+[logk]-1 _ oflogh]-1 - ologk—1 _ K
> > 5"
Hence the total number of colors used isat most 2 — k/2. Thusfor n = 2%,

For genera n, let k = |logn| and m = n — 2*. We can color D(2*) with at most 2% — & /2 colors and
use m additional colors for the segments with endpoints in the m additiona points. The total number of
colors used is not more than

2k—ﬁ+m:n—ﬁ:n— Llognjl
2 2 2

Finally we treat the case where S is a set of n points in general position. By the well-known Erdos-
Szekeres theorem, S contains a subset .S’ of pointsin convex position, wherem = |S’| > logn/2. By the
previous proof, we can color the induced subgraph D(S) of D(S) with m — |logm /2 colors. For every
point z in S\S” we choose a new color ¢, and all edges incident with x are colored with ¢,. This gives a

proper coloring of D(S). The total number of colors used is at most

(m— Uogmj) (n—m)=n-— UongJ < n+1 |loglogn|

2 R S T

and the upper bound in (ii) follows.

3 Proof of Theorem 2

Two segments can intersect either at an interior point or at a common endpoint. Thus for pointsin convex
position, the clique number of 1(S) satisfiesw(1(S)) > n. Indeed, if p isan arbitrary point of S, denote
by a and b its two adjacent vertices in say, clockwise order; then the set of n — 1 segments adjacent to p,
together with the segment (a, b) formsaset of n pairwise intersecting segments. Thisprovesthati.(n) > n
andi(n) > n.

Next we show the upper bounds. First we analyze the case of pointsin convex position and verify that
ic(n) < n. We make use of the following well-known fact.

Lemma 1 The edge set of a complete geometric graph whose vertices form a regular n-gon can be parti-
tioned into n matchings, each consisting of parallel segments.

Since the crossing pattern of the edge set of a complete geometric graph whose vertices are in convex
position is the same as the one of aregular polygon, the upper bound follows.

For points in general position, we prove that i(n) = O(n?/2), by using another result on geometric
graphs.



Theorem 5 (G. Toth, [12]) For any £ < n/2, a geometric graphs on n vertices with no k£ + 1 pairwise
disjoint edges has at most 2°k2n edges.

Start with the complete geometric graph G on a given set of n points, and repeatedly remove a large
(independent) set of pairwise digoint edges, until the graph becomes empty. Color each such set using a
different color. Thisis a proper coloring and it only remains to show that the number of independent sets
can be bounded as claimed.

The process consists of at most [log (n?)] steps, numbered withi = 2,.. ., [log (n?)] + 1. In step 4,
the current graph, still denoted by GG, has m edges, where

2 2

n < n
§<m_2i71.

n
k= \‘ 2i+9J’

and apply Theorem 5, to find and remove k + 1 disjoint edges. This is done repeatedly until m fails to
satisfy (2), and the process continues with step i + 1.
The number of independent sets of edges removed in step 7 is at most

2 —1
% (, /%) — ny/n2%/297/2

Hence the total number of colors used is not more than

(2)

ny/n2°/? Z 272 = O(ny/n).
1=2

Observations. Let ex(n) be the smallest number such that any geometric graph with n vertices and
m > e(n) edgescontains k+ 1 pairwise digoint edges, where k < n /2 (cf. [13, 12]). Theorem 5 improved
on previous upper bounds, where the dependence on k& was in the fourth [11], and respectively in the third
power [13]. The best lower bounds on e, (n) are e, (n) > kn [7], and e, (n) > 3(k — 1)n — 2k? [13],
and it is believed that e (n) = O(kn). Assuming that ex(n) = O(kn) holds, and using this bound instead
of the bound e, (n) = O(k?n) we used in the proof of Theorem 2, would give i(n) = O(3/=8™" ) =
O(nlogn), which is still above our linear lower bound.

Infact, it is reasonable to expect that one can partition the set of edges of a complete geometric graph
into a small humber of non-crossing matchings (composed of pairwise digoint edges), if the process is
carried out carefully, and does not make use of the bound in Theorem 2, which holds for any geometric
graph with sufficiently many edges. However, this goal remained elusive to us.

A simpler recursive decomposition scheme which gives a somewhat weaker upper bound i(n) =
O(n'°83) ~ O(n') is as follows. Let b(n) denote the minimum number of non-crossing matchings
into which the edge set of a complete geometric bipartite graph can be partitioned, with parts containing
|n/2] and [n/2] vertices respectively, and in which the two parts are separated by aline. Let ¢(n) denote
the minimum number of non-crossing matchings into which the edge set of a complete geometric graph on
n vertices can be partitioned. Since ¢(n) satisfies the recurrence

c(n) < e([n/2]) + e([n/2]) + b(n),



it is enough to prove such an upper bound on b(n). We proceed as follows. Let [ be a vertical line which
yields a balanced partition of S, and i another line which simultaneoudly cuts the two sets, on the left and
right sides of [, into two halves of equal size (see Fig. 3). Then b(n) satisfies the recurrence

<3 ([3])

which yields the claimed bound b(n) = O(n'°83).

Figure 3: A recursive decomposition scheme for the edges a complete bipartite geometric graph.

4 Proof of Theorem 3

The upper bound w.(n) = O(nlogn) follows from the following explicit coloring. Assign a different
color to each edge of length 1 (the length of a segment is the boundary-distance between its two endpoints,
asin Section 2). Next group the edges of length 2inn /2 crossing pairs and assign anew color to each pair.
Proceed in this way until all edges of length /2 get the same color (for simplicity we are ignoring integer

parts). The total number of colorsusedisn + (n/2) + (n/3) + - -- = O(nlogn).
We now prove that w.(n) = Q(nlogn). Let us consider any proper coloring C of W (S), let ¢ be the
number of colorsin C. Let ustake as colors the integer numbers1,...,c. Foreachcolori =1,...,¢, let

S; be the set of segmentsin C with color 4, and let L; be the finite ordered sequence of their lengths. Notice
that every lengthin L; isat least | L;|, because a segment of length ¢ can participate in families of at most ¢
pairwise crossing segments. Let F; = (L4, ..., L.) be the c-tuple having as el ements these sequences.

Observe that a similar construction for the explicit coloring scheme described in the first part of this
proof in order to establish the upper bound would give the | F'|-tuple of sequences

F={1},{1},..., {1}, {2,2},{2,2},...{2,2},{3,3,3},...)

(assuming that n is even, as otherwise we would have a {2} alone, and similar integer part considerations
would apply to the other numbers).

From F; we define a new ¢’-tuple Fy, with ¢ < ¢, having as elements sequences of integer numbers
as follows. Let F| be the subset of elements of F; which are sequences that contain the integer number
2; some of them, say atotal of vy, will contain one 2 and possibly some other integer different from 2,
and some of them, v, will contain exactly two 2's (therefore |F{| = v1 + v2). Let s be the number of
integers different from 2 involved in sequences belonging to 7, and notice that s < v;. We replace these

8



vy + vo Sequencesin Fy by forming [(vy + 2v9) /2] pairs with the 2's (leaving possibly one 2 alone) and
forming [s/2] pairs with the elements different from 2 (leaving possibly one of them aone); i. e., we
replace {2}, {2} by {2,2} and {2,a}, {2,b} by {2,2}, {a,b}. Aswe have

V1 + 2v9 FSW v1 + 209 [vl“
— | < —| < 1
’7 5 —‘ + 5| = 2 + 5 < v +wv2+1,

we seethat |Fy| < |Fy| + 1.

Notice that we do not claim that the ¢/-tuple F% correspondsto any coloring of W (.S), itisjust ac’-tuple
of sequences of numbers in the abstract sense. Nevertheless the crucial property that each number appears
in a sequence the right number of times is maintained (i.e., ¢ does not belong to any sequence of length
greater than t).

From F» we again define a ¢’-tuple Fj, with ¢/ < ¢/: Let F} be the subset of elements of F, which
are sequences that contain the integer number 3; some of them, say a total of wy, will contain one 3 and
possibly some other integers different from 3, some of them, ws, will contain two 3's and possibly some
other integer, and some of them, w3, will contain exactly three 3's. Let s be the number of integers different
from 3 involved in sequences belonging to F3; by the definition we have s < 2w + ws. We replace these
w1 + wy + w3 sequencesin F, by forming [ (w; + 2ws + 3ws)/3] triplets with the 3's (leaving possibly
one group with one or two of them) and forming [s/3] triplets with the elements different from 3 (again
leaving possibly one group with one or two elements). Aswe have

Ful +2w2+3w3w N [§‘| < {wl + 2ws +3w3—‘ N le + wo

< 3+ 1
3 3 3 3 —‘_w1+w2+w3+ ,

weseethat |F3| < |Fo| + 1 < |Fi| + 2.

Iterating this process for the lengths 4, ..., |n/2|we would end up with the |F'|-tuple of sequences
F. Therefore ¢ + [n/2] € Q(nlogn), for any proper coloring C of W (S), where |C| = ¢ and hence
we(n) € Q(nlogn) asclamed.

A subquadratic upper bound on w(n) isimplied by aresult analogous to Theorem 5, and the proof is
similar to that of the upper bound on i(n) in Theorem 2.

Theorem 6 [10] For any k < n/2, a geometric graphson n verticeswith no k + 1 pairwise crossing edges
has at most 3n(10log )?*~2 edges.

Start with the complete geometric graph GG on a given set of n points, and repeatedly remove a large
(independent) set of pairwise crossing edges, until the graph has roughly »n7/* edges (this threshold is quite
arbitrary). Color each such set using a different color. Then color each of the remaining edges with a new
color. We obtain in thisway a proper coloring.
The process consists of at most | (logn)/4| — 1 steps, numbered withi = 2,..., |(logn)/4]. In step
1, the current graph, still denoted by G, has m edges, where
n2 n2
? <m< 9i—1 .

So after stepi = | (logn) /4], the number of edges of G isat most

3)

2
n 7/4
Sty < 2

o logn
~ | 8loglogn |’

9



and apply Theorem 6, to find and remove k + 1 pairwise crossing edges. Thisis done repeatedly until m
fails to satisfy (3), and the process continues with step 7 + 1.
Without loss of generality we can assume that » > 2'6. A routine calculation shows that for i =

2,...,(logn)/4], we have
2
% > 3n(101logn)?* 2,

The number of independent sets of edges removed in step 7 isat most

n? logn -1
2¢ \ 8loglogn ’

so the total total number of colors used is at most

o™/ 1 8 iQ_i a2 loglogn O <n2. loglogn> ’
P logn logn

asrequired. This completes the proof of Theorem 3.

Acknowledgement. We thank Janos Pach for pertinent remarks and suggestions, and an anonymous
reviewer for simplifications made to one of our proofs.
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