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Abstract

In this paper we study the separability in the plane by two criteria: double wedge separability
and constant turn separability. We give O(N log N)-time optimal algorithms for computing all
the separating double wedges of two disjoint sets of objects (points, segments, polygons and
circles) and the flattest minimal constant turn polygonal line separating two sets of points.

1 Introduction

Let B and R be two disjoint sets of objects in the plane classified as blue and red objects, respec-
tively. The objects we consider are either points, segments, polygons and circles. If the objects are
polygons, n and m represent the total number of segments of the polygons in B and in R. In other
cases n and m are the number of objects in B and R respectively, and in any case N = max{n, m}.

Let C be a family of curves in the plane. The sets B and R are C separable if there exists a curve
S € C such that every connected component of R? — S contains objects only from B or from R. If
S is a straight line, the sets B and R are line separable. The decision problem of linear separability
for any of the above object classes can be solved in O(N) time [10, 11]. The region of the plane
formed by the points of the separating lines can be computed in ©(N log N) time.

Many alternatives have been considered when linear separability is not possible like using polyg-
onal lines or other geometrical objects [4, 7,9, 10]. In [9] it is considered the wedge separability and
the strip separability. In the first case, S is a wedge and in the second one S is a strip (the region
between two parallel lines). The region of the plane formed by the vertices of separating wedges
and the wedges with maximum and minimum angle are computed in O(N log N) time. If the angle
of the wedge is exactly 7, the problem reduces to linear separability. The intervals of the slopes of
all the separating strips, and the narrowest and the widest strip are computed in O(N log N) time.

If S is a closed curve there are also different kinds of separability. The problem of finding
the minimum (in the number of edges) convex polygon separating two point sets in the plane
is considered in [7], and the problem is solved in O(N log N) time. If the objects are segments,
polygons or circles, the problem is solved in [9] with the same complexity bound. Finally, [4] deals
with the problem of computing all the largest circles separating two sets of segments.

In case that B and R are not wedge separable, we want to know what is the minimum number
of wedges separating B and R. A simpler problem is knowing whether the minimum number is two
and a particular case is the double wedge separability (Figure ?7a).
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Definition 1. Two disjoint sets of objects B and R are double wedge separable if there exist two
straight lines intersecting at a point p, vertex of the double wedge, such that {By, B2} is a partition
of B, {R1, Ra2} is a partition of R and the subsets alternate angularly as seen from p.

Another criteria of separability is the radial separability: given B, R and a point p, we order
radially the points of B U R obtaining a separation of B U R by sectors. The corresponding
optimization problem would be computing the point p from where we see radially B U R with
the minimum number of sectors. This problem generalizes some of the problems mentioned earlier
because if the minimum is two, the sets are wedge separable, while if the minimum is four and the
sectors are defined by two intersecting lines, then the sets are double wedge separable.

In Section 2 we solve the problem of the double wedge separability of two disjoint sets of objects
in the plane given an O(N log N) time algorithm for computing the region formed by the vertices of
the double wedges. The algorithm is optimal because the Q(N log N) lower bound for the decision
problem is shown in [1]. The double wedge separability is also meaningful in case that the sets
are wedge separable because the regions of vertices of wedges and double wedges are disjoint by
definition. The key idea for the algorithm is to observe that if the points are double wedge separable,
there exists a vertical line or a horizontal line that gives the same partition of one of the sets as
the double wedge. Using this idea, a number of candidate partitions are generated and for each
partition the (possibly empty) region of vertices of the corresponding double wedges is computed.
The locus of vertices of the double wedges is formed by a linear number of quadrilaterals. Finally,
we study the double wedge separability for different kinds of objects.

If the sets B and R are not line separable a natural question is to ask about the separability
by a polygonal line. In [8] the author studied the minimum-link red-blue separation problem (find
a polygonal separator with fewest edges that separates B from R). This problem is known to be
NP-complete. In particular, we are interested in the separability by polygonal lines of constant
turn, which we call constant turn separability (Figure ?7b).

Definition 2. A ©-polygonal is a polygonal line such that all the corners have angle © and it turns
alternatively left and right. Two disjoint sets of objects B and R are constant turn separable if there
exists a ©-polygonal separating B and R.

In Section 3 we study the constant turn separability of two disjoint sets of points in the plane.
We give O(Nlog N) time algorithms for computing the separating ©-polygonals with maximum
angle and also with the minimum number of edges. We observe that two given sets B and R can
always be separated by a ©-polygonal for © small enough. However, we are interested in maximizing
the angle because if O is close to m we get an approximation of linear separability.

2 Double wedge separability

Let B and R be two disjoint point sets in the plane, both of them in general position. This
assumption is not essential for our algorithms to work, but handling degeneracies would require
the description of many details and would hide the crucial ideas. We also assume hereafter that no
double-wedge separator, if there is any, has an empty quadrant, because this situation is a special
case of wedge separability which can be detected directly with the algorithms in [9]. Given a double
wedge w with vertex at p and separating B and R, the plane is decomposed into two complementary
cones with apex p, the red cone and the blue cone, with aperture angles denoted by «, and ay,
respectively. We say that a direction is red (blue) if the line through p in that direction is contained
in the red (blue) cone (the boundary lines get both colors). Because o, +ap, = 7, either o, < /2 or



ap < /2. Without loss of generality, we assume hereafter that «, < 7/2, hence either the vertical
direction is blue or the horizontal direction is blue.

Let Q be the (possibly empty) set of double wedges separating B and R such that «, < 7/2
and the vertical direction is blue. We show in the rest of this section how to compute §2; the total
set of double wedges separating B and R can be computed repeating the process for the rest of the
cases.

Observe that any direction defined by two red points in opposite semicones is a red direction;
we can always get one by picking the red points with minimum and maximum abscissa. For that
direction, we relabel the points in such a way that {ry,r9,...,7,,} is monotone in that direction and
{b1,...,b,} is monotone in the perpendicular direction, which is necessarily blue because a, < /2.
After this relabelling, we immediately get:

Lemma 1. The semicone partition produced by w € 2 is given by B = {b1,...,bi} U{bit1,...,bn}
and R={ry,...,r;} U{rjs1,...,rm} forsomei=1,...,n—1,j=1,...,m—1.

According to the above considerations, for a given input we always start by taking the direction
defined by the red points with minimum and maximum abscissa and change the coordinate system
for this direction to be horizontal and relabel the red points by increasing abscissa and the blue
points by decreasing ordinate. We assume in what follows that this step has already been done.

Computing feasible partitions

In order to compute feasible semicone partitions for B and R, we consider the monotone polygonal
lines Pp, with vertices {bi,...,b,} and Pg, with vertices {r1,...,7r,}. Each edge of a polygonal
induces a partition in the corresponding set given by the vertices of the two chains that appear
when the edge is removed.

Lemma 2. If Q # @, then there exist two edges e, € Pr and e, € Pp such that (Pr ~ e;) N (Pp
ep) = . Furthermore, at least one of the following things holds:

(1) There exists exactly one edge e, € Pgr having more than one intersection with Pg. In this
case, all the double wedges of ) separate R in the components induced by e,.

(2) There exists exactly one edge e, € Pp having more than one intersection with Pr. In this
case, all the double wedges of ) separate B in the components induced by e.

(8) Pr and Pp intersect in one point, e, Ney. In this case, all the double wedges of ) separate
B or R (and maybe both) in the components induced by ey and e,, respectively.

Proof. The first claim follows immediately from Lemma 1 observing that, if the partition given by
a double wedge w is B = {b1,...,b;}U{biy1,...,bp} and R = {r,...,r;}U{rj41,...,7m}, then the
polygonal chains {b1,...,b;}, {bit1,...,bn}, {r1,...,r;} and {rj41,...,7m} do not intersect each
other. For the second claim, regarding the number and position of the intersections, we observe
that there is at most one edge in each polygonal chain having more than one intersection and that,
if all the edges have at most one intersection, then there is only one intersection between Pr and
Pp because the number of intersections between the polygonal lines is odd (Figure ?7). Finally, in
case (1), as the lines that form the double wedge w € Q cannot intersect the chains obtained by
removing the edge e,, w must separate R precisely in the components induced by e,; the other two
cases are argued similarly. O



Let us observe that if {2 # &, then Pp and Pg intersect a linear number of times and, therefore,
we can use a standard algorithm [3, 5] for computing segment intersections in order to compute
candidate partitions of the sets in O(NN log N) time. Moreover, we observe that Lemma 2 implies
that there is at most one candidate partition for one of the sets and, therefore, there are O(N)
candidate partitions.

Assume that we have a candidate partition R = {R1, Ry} induced by the edge rjrj;1 € Pr,
i.e., R1 = {Tl,...,Tj} and R2 = {Tj+1,...,Tm}. For ¢ = 1,...,TL - 17 let Bz = {bl,...,bi} and
B! = {bjt1,...,b,} be the bipartition of B induced by the edge b;b; 11 of Pp. A necessary condition
for the existence of a double wedge separating B and R is that the sets Ry, Ry, B; and B] are
pairwise linearly separable. We show next how to compute the tentative partitions fulfilling this
condition, assuming that CH(R;) and C'H(R2) have already been precomputed.

Lemma 3. For a fized partition R = {Ry, Ra} of Pr, the list L of indices i such that Ry, Ry, B;
and B} are pairwise line separable can be computed in O(nlogm) time.

Proof. We compute first the indices ¢ such that B; is line separable from R; and Ry. Obviously, if
B; is not line separable from R; and Ry then B,y is neither for k > 1. If B; is line separable from
Ry and Ry, then the linear separability of B;;1 can be decided by computing the lines of support of
CH(B;) from b;11, taking the segments from b; to the contact points, and checking whether they
intersect or not CH(R;) and CH(Rz). This can be done in O(logm) time, therefore the list of
indices ¢ such that B; is line separable from R; and Ry can be computed in O(nlogm) time. Within
the same time bound, by processing the points from b,, to by, the sets B, which are line separable
from R; and Ry can also be computed. Finally, Lp, i.e., the list of indices ¢ such that both B;
and B] are line separable from R; and Ry can be obtained from the two lists in O(n) additional
time. U

Lemma 4. For an index i € Ly the set of vertices of double wedges separating R and B according
to the partition Ry, Ro, B; and B] is a (possibly degenerate) quadrilateral which can be computed
in O(log N) time if the convex hulls CH(Ry), CH(Ry), CH(B;) and CH(B]) are given as part of

the input as structures allowing binary search.

Proof. A point p is a vertex of a double wedge separating Ry, Ry, B; and Bj if, and only if, p is
the intersection point of two lines 1 and lg, where [y separates CH(R; U B;) from CH (R U BY)
and lp separates CH (R U BY) from CH (R U B;).

The locus of points swept by lines separating two convex polygons is bounded by two concave
chains defined by edges of the polygons and by the separating common supporting lines (Figure 77?).

When the two polygons are CH(R; U B;) and CH(R2U B}), let Cy; be the chain which contains
edges from CH (R, U B;) and let s1; the only edge in Cy; that is crossed by lines separating Ry and
B;.

We denote by hy; the half plane bounded s1; which contains CH(R; U B;); hy;, h’li and h’% are
defined analogously (Figure ??7). The set of vertices of double wedges separating Ry, Ro, B; and
B! is hy; N hg; N AY,; N RY,. As the four half planes can be computed in O(log N) time, the claim is
proved. O

The computation in the above lemma has to be performed for every i € Lg. CH(R;), CH(R3)
are given and CH(B;) and CH (B]) can be maintained by mimicking the incremental construction
of CH(B) from left to right and reversely, giving an overall running time of O(nlogn).

The previous lemmas combine into the following result:



Theorem 1. Let B and R be two disjoint sets of points in the plane. The region of vertices of
double wedges separating B and R can be computed in O(N log N) time.

The above algorithm for computing all the separating double wedges is optimal as an Q(N log N)
lower bound for the decision problem of double wedge separability has been shown by Arkin et al.
in [1].

There are at most n + m — 2 combinatorially different ways of separating R and B by means
of double wedges, because it can be shown that there are solutions for at most one red partition
combined with n — 1 different blue partitions and one blue partition combined with m — 1 different
red partitions. We omit the proof here, it can be found in [13].

2.1 Double wedge with maximum aperture angle

By aperture angle of a double wedge we mean max{c,., ap}. Observe that as a, +a, = T maximizing
and minimizing the aperture are the same problem. The region of vertices of the separating double
wedges is the union of a linear number of (possibly degenerate) quadrilaterals. In each quadrilateral,
the vertex of the double wedge with maximum aperture must be one of the four vertices, as otherwise
we could move the vertex of the double wedge along the boundary of the quadrilateral increasing
one of the angles and decreasing the other. Once all the quadrilaterals have been constructed, we
can compute the angles in the vertices of all them and hence obtain the separating double wedge
with maximum aperture in additional linear time. Therefore, we have:

Proposition 1. Given the locus of vertices of double wedges separating B and R, the double wedge
with mazimum aperture angle can be computed in O(N) time.

2.2 Separating segments by double wedges

Let Sp and S two disjoint sets of n and m segments in the plane classified as red and blue segments
respectively. As for points, we consider whether there exists a proper double wedge separating Sp
and Sgk: each wedge contains only monochromatic segments and each wedge contains at least
one segment. The problem is not equivalent to the separability of the endpoints, because a blue
quadrant, say, might be crossed by a red segment with endpoints on the red wedges. We again look
for a separating double wedge where the vertical direction lies in the blue semicone, other cases are
handled similarly.

As a first step we consider the double wedge separation of the blue and red sets of endpoints.
Suppose that the red endpoints are sorted by z-coordinate and that the blue endpoints are sorted
by y-coordinate. We construct the red and blue polygonals joining endpoints as we did for sets of
points. Only edges of the red polygonal line, bridging red segments in such a way that their vertical
projection does not overlap projections of any red segments, have to be considered as candidates
for defining a red partition. We call this edges critical red bridges (Figure ?7). Critical blue bridges
are similarly defined. The algorithm for point sets can now be used for solving the problem, but
the computation is only required for partitions B; and B, corresponding to critical blue bridges.

Theorem 2. Let Sp and Sg be disjoint sets of segments in the plane. Whether they are double
wedge separable can be done in O(N log N) time. The locus of separating double wedge vertices can
be constructed within the same time bound, and the separating double wedge with mazximum aperture
angle can be computed in O(N) additional time once these regions are available.

Let us remark that this result also settles the separability by double wedges of sets of red and
blue polygons.



2.3 Separating circles by double wedges

We consider now the same problem for two disjoint sets Cp and Cr of n and m blue and red circles
of the plane respectively (Figure ??7). We are showing next how to adapt to this case the algorithm
for segments.

Let by,...,b, and 71,...,7, be the centers of the blue and red circles, after relabelling as we
did for points (in particular the z axis is the line passing through r; and r,,). Replace each circle
by its vertical and horizontal diameters in order to obtain as above critical red or blue bridges.
Once these critical edges are available, the circles are recovered, as hulls of their union have to be
incrementally maintained (as for points), which can de done in O(N log N) time using the algorithm
in [6]. Therefore we obtain:

Theorem 3. Let Cp and Cr be disjoint sets of circles in the plane. Whether they are double wedge
separable can be done in O(N log N) time. The locus of separating double wedge vertices can be
constructed within the same time bound, and the separating double wedge with maximum aperture
angle can be computed in O(N) additional time once these regions are available.

3 Constant turn separability

When the sets B and R are not linearly separable we may be interested in finding a polygonal
line separating the sets and satisfying some restrictions. The problem of the polygonal separator
with the minimum number of edges is NP-complete [8]. A simpler problem is the constant turn
separability, i.e., the separability by a polygonal line that turns alternatively left and right with
angle O, a ©-polygonal line. In particular, we would like to maximize the angle © because the
closer to 7 the better the approximation to linear separability.

It is easy to see that two point sets B and R are always separable by some O-polygonal line
with angle © small enough. In fact, our first objective is computing an angle ©g such that we can
easily guarantee the existence of a ©g-polygonal line separating B and R because this a necessary
step for our later addressing the problem of computing a ©-polygonal line separator with maximum
angle.

Computing a Ogp-polygonal line separator

Let us consider ©-polygonal lines such that the bisector of the angle © is a vertical half line pointing
up and where the red points are above the polygonal.

We sort the (red and blue) points by z-coordinate. Without loss of generality we can assume that
there are no points with the same z-coordinate, otherwise this can be easily achieved in O(N log N)
time by rotating the coordinate system.

For every red point r; let s; the upwards vertical ray with origin at r; We compute an angular
value as follows:

1. Let Uy be the upper convex hull of the blue points, having b; and b,, as leftmost and rightmost
points, respectively.

2. If a red point 7; is below Uy, let us consider the intersection points u and v of the vertical
lines through the previous and next blue points with Uy. Let 6;1 (6;2) be the angle defined by
the rays s; and 730 (r;0) (Figure ?7).



3. If r; is not below U, we rotate counterclockwise s; until either we hit a blue point or the
angular value 7/2 is reached; we set 6;; to be this angle of rotation. The value of 6;5 is
similarly defined.

4. Let (")0 = 2min{¢911, 912, PN ,9m1,9m2}.

Clearly the vertical wedge with apex at r;, symmetry axis s; and aperture angle ©q is empty
of blue points, for every r;. Therefore the lower envelope of all this wedges is a ©g-polygonal line
separating B and R. This envelope can be computed by divide and conquer, hence we obtain the
following result:

Proposition 2. Any two disjoint point sets B and R in the plane are constant turn separable by
some Oq-polygonal line, and one such separator can be constructed in O(N log N) time.

Computing a separating ©-polygonal line with maximum ©

A fundamental tool for solving this problem is Theorem 4 by Avis et al. about the computation of
the so-called unoriented ©-maxima points of a plane point set S.

Definition 3. A ray from a point p € S is called o maximal ray if it passes through another point
g€ S. A cone is defined by a point p and two rays C and D emanating from p (Figure 77).

Definition 4. A point p € S is an unoriented ©-mazimum with respect to S if, and only if, there
exist two mazximal rays, C and D, emanating from p with an angle at least © between them so that
the points of S lie outside the (©-angle) cone defined by p, C and D (Figure ?7).

Theorem 4. [2] Let S be a set of n points in the plane. All unoriented ©-mazima points of S for
© > /2 can be computed in O(nlogn) time and O(n) space. For angles © < 7/2 the ©-mazima
points of S can be computed in O(gG logn) time. The algorithm is optimal for fived values of ©.

The 7/2 constant of the theorem can be substituted by an arbitrary Oy > 0 without changing

the asymptotic complexity of the algorithm as a function of n.
Figura de los maximales coloreados

The reason for the above results to be crucial for us comes from the observation that if there is
a ©-polygonal line separating B from R, then all the points in R are “maximal” in the sense that
all them are apices of wedges of aperture ©, with sides parallel to the edges in the separator, and
free of points from B (see Figure xxxxxxxxx).

First of all we adapt to the bichromatic situation the definition of unoriented ©-mazimum of a
set of points.

Definition 5. Let B and R be disjoint sets of blue and red points in the plane. A pointr € R is
an unoriented ©-maximum with respect to B if, and only if, there exist two mazimal rays, C' and
D, emanating from r and with an angle at least © between them so that no points from B lie inside
the (©-angle) cone defined by r, C and D (Figure ?7).

With this definition it is clear that once we have computed a ©g-polygonal line as in Proposition 2
then all the red points are unoriented ©y-maxima with respect to B. Now, we want to compute
the maximum angle © > ©q such that all the red points are unoriented ©-maxima with respect to
B. As we are making heavy use of the result and algorithm mentioned in Theorem 4, for the sake
of clarity we sketch next the two basic steps of that algorithm:



e Procedure CANDIDATES: the input is a plane point set S and an angle (3; the output gives
the list of edges of the convex hull of S, CH(S), together with a list of the candidate points
for each edge. A point p is a candidate for the edge e = zy € CH(S) if the angle between the

— — .
rays pZ and py is not smaller than (.

e Procedure UNORIENTED-MAXIMA: the input is the list of candidates for every edge e of
CH(S); the output is the list of unoriented f-maxima points which are apices of wedges
which have bounding rays crossing e and aperture angle at least 3. For every such maximal
point p the output also contains the two rays L, and R, defining the widest empty wedge
from p. For 8 > 5 the ray R,. with origin p perpendicular to e must be between L, and
R,; the procedure sorts the candidate points by their orthogonal projection onto e, and then
two sweeps by lines perpendicular to e allow an incremental convex hull computation which
gives the rays L, and R, as side product(Figure ?7). In case that 3 < T, the angle between
L, and R, must contain R, . or one of the % — 2 directions which are separated from R, . by
integer multiples of 3 and the above procedure is executed (% — 1) times, one for each such
direction, giving an overall O((N/()log N') running time.

Remember that all the red points are unoriented ©p-maxima with respect to B, for the value
O previously obtained according to Proposition 2. The algorithm for computing a separating ©-
polygonal line with maximum © has two main parts. First, the algorithm from [2] we have just
described is adapted to obtain for every red point r all the maximal wedges with apex at r which
make r ©p-maximum with respect to B. The output is used in the second part for the maximization
of the angle © in any separating ©-polygonal line.

Procedure ©-POLYGONAL-LINE
Input: B, R, O,
Output: A separating ©-polygonal line with maximum © = ©,;.

1. Compute CH(B), let {e1,...,ex} be the sorted list of edges of CH(B). Classify the red
points into: interior to CH(B), Ry, and exterior or border to CH(B), Rg.

2. For points in R;: run the algorithm of Theorem 4 [2] on B U R; to find the maximum angle
© > Og such that all the points from R; are unoriented ©-maxima with respect to B.

Procedure CANDIDATES on B U Ry gives the list of points from B U R; which are candidates
for each edge of CH(B). A point can be candidate for a constant number of edges: if ©g > §
for at most three edges, if ©g < § for at most é—’;.

Procedure UNORIENTED-MAXIMA above is modified in such a way that the double sweep
computes incrementally the blue convex hull which is maintained in a structure allowing loga-
rithmic dynamic maintenance when a blue point is encountered and support line computation
when a red point is found. The output is the list of red points which are unoriented g-maxima
with respect to B for some § > O and all wedges which have them as apices, aperture angle
at least ©p and are free of blue points. The procedure is executed (@lo — 1) times for each
edge, which gives an overall O((N/O¢)log N) running time.

3. For points r; € Rp U B, we proceed as in step 2 and in addition compute the rays from r;
which support CH(B), because the external angles (; they define (always greater or equal
than 7) are also making these points unoriented maxima (see Figure XXX).

4. For each red point we have a constant number of at most é—’; + 1 angular windows making the
point maximal with respect to B and aperture angle at least ©g. If we place these values on



concentric circles around a point (Figure ?7), the intersection of the intervals can be easily
obtained in O(N log N) time and we get a constant number of angular intervals with apertures
0; > ©g making all red points maximal. Let ©j; be the maximum of the angles. Notice that

©)s might appear several times, at most a constant number k. Let {I1,...,I;} be these © ;-
size intervals. We describe each I; by the direction d; of its bisector , obtaining a constant
number of directions {dy,...,dy}.

5. We construct a ©s-polygonal line for d; in O(N log N) time analogously as we did in Propo-
sition 2. (Polygonal lines for all dy,ds,...,d; may be constructed within the same time.)

The correctness of the procedure follows from the preliminary lemmas; the running time O(N log V)

dominates the steps and we can state the following theorem:

Theorem 5. Given two disjoint point sets B and R in the plane, the computation of a separating
©-polygonal line with mazximum © = Oy can be achieved in O(N log N) time.

Maximum angle and minimum number of corners

As we have seen in the preceding subsection we might have more than one separating ©-polygonal
line with maximum © = ©j;;. A natural problem is to require additionally the number of corners
to be minimized. This is the problem we address now; the solution will be called the max-angle
min-corner polygonal line.

From the previous algorithm we have a constant number of directions {d,...,d} correspond-
ing to the bisectors of different solutions (in the sense that they correspond to different angular
windows). We show next how to solve the problem for one of them, the procedure is then repeated
for the other while keeping the best solution found.

Assume without loss of generality that d; is the vertical direction. Let Pg,, r be the separating
©s-polygonal line with “valley” vertices on red points (Figure ??) obtained by applying the con-
struction from Proposition 2. Let Pg,, p be the separating © p/-polygonal line with “top” vertices
on blue points (Figure ??) obtained by applying the construction from Proposition 2.

Notice that Pg,, r and Pe,, p do not cross but they have at least two edges overlapping, due
to the maximality of ©.

Lemma 5. There exists a separating © pr-polygonal with minimum number of corners (among those
having bisector dy) such that its edges lie alternatively on Pe,, r and Pe,, B.

Proof. Let P be a separating © p/-polygonal with minimum number of corners for the direction
dy1, which will consist of two half lines and a set of edges. Assume without loss of generality that
the leftmost half line e from P is parallel to the leftmost half line in Pg,, r: we “push” e, with
all its intermediate steps being parallel to the original position, until it touches Pg,, r, then the
next edge is similarly pushed to Pg,, p and so on. Notice that no edge of the current polygonal
can disappears during this process because of the assumption of initial minimality. At the end, the
resulting polygonal fulfills the conditions stated in the lemma. O

The above Lemma provides the following greedy approach to find a separating © ps-polygonal
with minimum number of corners for the direction dj:

Greedy algorithm

1. Let e the left half line of Pg,, r;



2. Extend e in the sense of increasing abscissa until it hits Pg,, p, then make a turn of angle ©
and extend an edge until hitting Pg,, r and keep going until the extension of a growing edge
goes to infinity.

3. Repeat steps 1 and 2 for the other three extreme halflines, and exit with the solution giving
smallest number of corners among these four possibilities.

We know that Pg,, p and Pg,, r can be constructed in O(N log N) time, and it is easy to see
that the final greedy algorithm requires only additional linear time. As this process is executed a
constant number of times (one per each bisector d;), we can state the following theorem:

Theorem 6. Given two disjoint points sets B and R in the plane the max-angle min-corner polyg-
onal line separating the sets can be computed in O(N log N) time.

Lower bound

Avis et al. established an 2(nlogn) lower bound for the computation of the unoriented ©-maxima
of a plane point set S, for 7/2 < © < 7 [2]. We adapt next their construction to the computation
of the constant turn separating polygonal with maximum angle.

Theorem 7. The problem of computing the ©-polygonal line with maximum © = Oy separating
two disjoint points sets in the plane, with w/2 < Oy < m, has complexity Q(N log N) under the
algebraic computation tree model.

Proof. We use a reduction from integer element uniqueness as in [2]; this problem has a lower
bound (N log N) under the algebraic computation tree model as proved by Yao [14].

Let M = {x1,...,2n} be a set of integers. For each z;, we construct a red point (i + ¢, (Nx;)?)
and five blue points (i + ¢, (Nx;)? +¢€), (i + ¢, (Nx;)? —€), (i — €, (N2;)?), (i — €, (Nz;)? + €),
(i — e, (Nxz;)? — €), where € = 1/4. Let R and B be the sets of red and blue points obtained by
union of these sets fori =1,..., N.

If z; = x; then at least one red point out of the two red associated points is not a ©-unoriented
maxima with respect to B (Figure ??7). Hence, the sets R and B are not separable by any O-
polygonal line with 7/2 < © < 7 because in that situation all red points would be ©-unoriented
maxima with respect to B.

Reversely, if x; is unique in M, then the six points associated to x; are ©-unoriented maxima
when the colors are disregarded, and the associated red point is ©-unoriented maximum with respect
to B with an angle ©, 7/2 < © < 7 having as bisector the direction ¥ = (—1,0). Therefore if all
the x; are different then there is a separating ©-polygonal line with 7/2 < © < 7 and having as
bisector the direction ¥ = (—1,0).

Hence all the elements x;’s in M are distinct if and only if there exists some separating ©-
polygonal line with 7/2 < © < 7, and the claimed reduction is proved. O
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