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Abstract

Given two disjoint point sets R y B in the plane (the red points and the blue points,
respectively), an alternating path is a non-crossing path of line segments visiting alter-
natively red and blue points. In this work we study the properties of the longest such
paths and give bounds on their length. In particular, we prove that for points in convex
position there are configurations of points such that the longest alternating path has
length less or equal than (4/3 — (4/3)v3a? — 3a + 1)|R U B|, where a = |R|/|RU B|.
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1 Introduction

Figure 1: A configuration without any alternating Hamiltonian path.
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Let R and B be two disjoint sets of points on the plane in general position, whose
points will be called red points and blue points, respectively, and such that |R| < |B|. An
alternating path is a sequence of vertices v, ..., vy alternatively red and blue, such that
the set of segments connecting vertices consecutive in the path is non-crossing. It is not
always possible achieve alternating paths that visit all the points, as can be seen in the
configuration shown in Figure 1. When crossings are allowed, Kaneko and Kano prove
in [1] that one can always find alternating Hamiltonian non-crossing paths with no more
than n — 1 crossings when |R| = |B| = n.

A special case happens when the sets R and B are separable by a line and, additionally,
|R| = |B| = n. In [2], Abellanas et al. proved that in this case there is always an alternating
path through all the points in RU B.

The study of alternating paths was considered in [3], where Akiyama and Urutia give
an algorithm for deciding whether a set of n blue points and n red points in convex position
admits or not a Hamiltonian alternating path. In this paper we consider bounds on the
length of the longest alternating path. We focus especially on point sets in convex position,
and prove that there are configurations of points such that the longest alternating path
has length less or equal than (4/3 — (4/3)v/3a? — 3a + 1)|R U B|, where a = |R|/|R U B).

2 General sets
From the algorithm in [2] the two following results are easily derived:

Lemma 1 If |R| = |B| = n there is an alternating path with length greater or equal than
n starting at any given vertex of the convex hull CH(R U B).

Proof. Simply observe than through any vertex v of CH(R U B) there is a line splitting
the whole set into two nearly-equal parts, thus obtaining at least sets of /2 points of each
color which are line separable. O

Figure 2: Dividing the plane into n regions.

Lemma 2 If |R| =n and |B| > n? — 2n+ 1, then there is an alternating path visiting all
the points in R.



Proof. Let v be any vertex of CH(R). If we take v as apex of rays through all other points
in R we obtain n— 1 regions, all convex but one. We can consider the non-convex region as
union of the two halfplanes obtained by extending the limiting rays (see Figure 2). As we
have n regions one of them has to contain at least [(n? —2n +1)/n] > n — 1 blue points.
If the region is one of the halfplanes the algorithm in [2] gives the solution. If that region
lies between two consecutive rays from v, leaving i points from R to the left and n —i — 1
to the right, we can draw a new ray [ from v splitting the bluer points in the region into at
least i to the left and at least n — ¢ — 1 to the right. Again the technique from [2] applied
to the halfplanes defined by [, starting at v, gives the path we were looking for. O

On the other hand, if we have points in convex position whose counterclockwise distri-
bution is § + 2 red points, § blue points, 2 red points, § blue points, 2 red points, 5 blue

points, ..., 2 red points, 5 blue points, we obtain a configuration that does not admit any
alternating path visiting the n points in R, and we have |B| = %2.

This improves on the results obtained by Kaneko and Kano in [4], where they show
that there is a configuration of points without alternating path visiting the n points in R,
with |B| = Tf—; + 5 — 1, and that for the existence of an alternating path visiting all the
points in R at least 2n? — 2n — 3 blue points are required.

3 Points in convex position

One aspect of the interest of studying configurations of points in convex position is that,
apparently, they achieve the worst possible case, i. e., the situation in which the the
longest alternating path is shortest. Obviously alternating paths for points in convex
position do not depend on the exact position of the points but only in the cyclic sequences
ri1,b1,79,b9,...7%, by, indication that the configuration has r; red points,followed by by
blue points, followed by 79 red points, and so on.

For points in convex position the following algorithm, based on the dynamic program-
ming paradigm, gives the longest alternating path..

Let us denote by v1q,...,vy the N points of R U B described clockwise, where v1 has
been picked arbitrarily. Let us define the rank [v;, v;] to be the point set v;, vit1,...,v;,
where we suppose that vyy1 = v1. We denote by [7(i,7) and [~ (i,7) the length of the
longest alternating path using only vertices from the rank [v;, v;], according to whether we
start at v; or at vj, respectively.

The algorithm computes all the values [T (i,5) y {7 (4,7), in increasing order of the
number points in the rank [v;, v;]. For ranks with only one point (i.e., when ¢ = j) I (i, j)
and [~ (7, 7) are obviously 0. For greater ranks of points:

max(IT(i+1,7),07 (i +1,7)) Vi, Vit1,v; same color
(i, ) = Im(i+1,7)+1 vj color different from v;, vi41
)= IT(i+1,5)+1 vi41 color different from v;, v,

max({T(i +1,7),17(:+1,7)) +1 v color different from v41,v;

and [ (i, 7) is obtained with similar formulas. The maximum among I+ (4, ),l™ (i,5) for
ranks with NV points will give the length of the longest alternating path. The exact sequence
of points is obtained in the usual way of this approach, using the preceding formulas. The
complexity of the algorithm is ©(N?).

Let us now introduce what we call a linear matching: a set of disjoint segments, each



one connecting one red point with one blue point, such that there exists a line crossing all
the segments..

Figure 3: Relation between alternating paths and linear matchings.

If there are m segments in the linear matching, we say that it covers 2m points. In
Figures 1 and 4 we show configurations that do no admit linear matchings covering all
points in R. The largest linear matchings for points in convex position can easily found
using an extension of the preceding algorithm which requires time ©(N?).

In general, finding properties of the maximum linear matching is somehow simpler
than studying similar properties of the longest alternating path.Moreover, for points in
convex position, finding bounds on the size of the maximum linear matching happens to
be equivalent to finding bounds for the longest alternating, in the sense that we precise in
the following lemma.

Lemma 3 Given N red points and No > N blue points in convez position, let us consider
the values N = Ny + Ny and a = Ny/(N1 + Na). Suppose that there is a configuration
of points where the maximum linear matching covers less than aalN points; then there
exists a configuration with N’ points, with the same proportion a of red points, where the
longest alternating path covers < aaN' points. Reversely, if there is a configuration with
an alternating path covering less than aaN points, then there is another configuration with
N'points and the same proportion of red points where the mazimum linear matching covers
less than calN' points.

Proof. The idea of the proof consists of replacing every point in the configuration by r > 0
copies of itself, and then check that the longest alternating path of the new configuration
is essentially twice the size of the maximum linear matching, up to a constant (see Figure
3). O

4 Extremal configurations in convex position

Assume that |R| = |B| = n and that n = 6k —4. Let us consider the following symmetrical

configuration of points: v; is red, then come k—2 points v, ..., vir_1 which are alternatively
blue and red (in this way vi_1 is red when k is even, and blue when & is odd); in the same
way blue and red alternate among the k — 2 vertices vgg_4, ..., vs5:—1 preceding vy. The
vertex vi_1 is followed by a group of k vertices vg,...,vor_1 with color opposite to the

color of v_1 (thus blue when k is even); similarly before vs;_1 there is another group of



k vertices, vsi_2,...,v4r—1. Finally, the remaining 2k — 1 points vy, . .., v45_2 have color
opposite to the color of vor_1 (red when k is even). This configurations, for the values
k = 2,4, are shown in Figure 4.

Figure 4: Maximal linear matchings.

If we call zone any maximal sequence of consecutive points having the same color, our
figure has 2k zones: one of size 2k — 1, two of size k, and 2k — 3 of size 1. Our next result
gives the maximum linear matching for these figures.

Lemma 4 The mazimum linear matching starting with the edge (v, vit1) with 1 < i <
Vg, or starting with the edge (vok_1,v9r) contains exactly 2k — 1 edges, and a maximum
matching can be achieved starting that way, the last edge being included is (vag—2,V4k—1).By
symmetry, the maximum linear matching starting at the points (v;, vi41) with 5k —1 < i <
6k — 4 = n, or starting at (v4g—2,v4k—1) contains 2k — 1 edges, and can be finished with
the edge (vag—_1,vVor).

Proof. By case analysis. The key observation is that once the edge (v;,v;) is included in a
maximal matching with a given start, one must include either the edge (vi41,vj,) (where
J1 indicates the first vertex preceding v; with color different to the color of v;y1) or the
edge (vj,,vj—1) (where v;, indicates the first vertex following v; with color different to the
color of v;_1). Therefore, if v;1 and v;_; have different color, the edge joining them must
be added to the maximum matching. O

The number of vertices covered by a maximum linear matching in our figure, or in the
one obtained by replacing every point by r copies of itself, is (4k — 2)/(6k — 4) multiplied
by the number of points. This value, (4k —2)/(6k —4) (which has limit 2 when k — 00), is
1,3/4,5/7,7/10,..., when k = 1,2,3,4, ..., and the number of zones for the corresponding
figures is 2k. It is straightforward that in any configuration with only two zones (k = 1
in our configuration), there is a linear matching covering all the points. It is easy to see
that for every configuration with only 4 zones there is linear matching covering 3/4 of the
points. Similarly, an analysis quite long-winded of cases proves that for 6 zones (k = 3),
there are linear matchings covering 5/7 of the points.

We conjecture that for points in convex position this configuration achieves the smallest
maximum linear matching. More precisely, we believe that for any configuration of N = 2n
points in convex position, n of them colored red and n of them colored blue, there is a
linear matching having at least [ N/3] edges, i.e., covering [2N/3] vertices. The preceding
example shows that for every E a > (1/3), there are configurations where the maximum
linear matching has less than /N edges.



5 Continuous models

We have seen that a maximum linear matching lineal doesn’t change essentially if every
point is replaced by r copies, and that the configuration is defined by the number of points
r1,b1,...,7k, b in each zone. We have also seen that what matters us is the proportion of
points covered by the maximum linear matching.

We call continuous configuration with 2k zones a cyclic sequence r1, b1, ra,ba, ..., 7k, by
of real numbers in the rank [0, 1], adding up to 1, where a = Zle ri < 1/2.

Let f2(ry,b1) = min(ry,by) and f2%(rq,b1,...,7%,bx) be a function from R* to RT
recursively defined as follows:

{ b1 4+max(f2F=1 (by,ra,ba,....ri ), f2F =D (r1—b1,b2,73,....bk ) if r1>by
F2R(r1,b1,e b)) = )
ri+max(f2E=1 by rg b2 ,rr) F2E D (g b1 —r1,m2 b2, b 1)) if T1<by

Notice that were ri,b1,...,7r, b integer numbers describing a convex configura-
tion of points R U B, the preceding formula gives the maximum number of edges
in a linear matching starting with the edge limiting region r; with region b;, there-
fore: PR (1,010 rk,bk ) =max (F25 (11,01 07k sk ), £ 2R (01,712,020 008,71 )5y £ 2R (b, 71,01 500578 )) giVGS the max-
imum number of edges in a linear matching. The number of points that can be cov-
ered is 2f%%(ry,by,..., 7, by), and the number of red points left uncovered is |R| —
f?*(r1,by, ..., 7, b). For a continuous configuration we call loss the size of uncovered
red zone, which is a — f2*(ry, b1, ..., 7%, bg).

For fixed k, it can be proved by induction that the functions f2* and f2* are continuous
and piecewise linear (in the variables r1,b1,..., 7k, bx). Moreover, in the formulas defining
the functions, the coefficients can only be 0 or 1, i.e., f2#(ry, by, ..., 15, bi) = alry+ Bl +
ot air;? + BLbr when (r1,b1, ..., 7%, bi) belongs to some region R, where the coefficients
aj and [ can only be 0 or 1.

We are interested in finding values 71,bq, ..., 7%, by such that f2* is minimized, with
the additional conditions 0 < r;,b; < 1,Vi, >.r; = a < >.b; = 1 — a, and we have
special interest in the case a = 1/2. We denote by f(a, k) such minimum value, and by
p(a,k) = a — f(a,k) the maximum loss.

The function f2* is piecewise linear in a compact domain, hence it will reach a minimum
in the domain. Moreover, it can be proved that the minimum is reached in an interior
point. As f2* is piecewise linear, it has to be in a point of the domain where the linear
formulas that give the value of f?* coincide. Therefore, once a is fixed, given the fact that
there are 2k — 2 free parameters, the point in the domain must satisfy 2k — 1 equalities
having the form aflri+8.1b1+...4a, r+6;! bk:...:ai%_lr1+[3i2k_1b1+...+a22k_1rk+ﬂ,i%_1bk. These
equalities determine which values of 7}, b; give the minimum value. This observations lead
to the following lemma.

Lemma 5 For fized k, the function f(a,k) is continuous, concave and piecewise linear in
the variable a. Moreover, its values is a, if 0 < a < 1/(k+1).

Proof. As the number of possible systems of equations we have is finite, we have a finite
number of points in the domain, and f(a, k) is the smallest value of f2* in these points.
Therefore, fixed k, we see that f(a, k) is also a piecewise linear function, which is concave
because it is the maximum of other functions.

When a < 1/(k+ 1), the biggest b; is > a, hence all the red zones can be “inserted” in
a zone b;, giving loss 0. O
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Figure 5: To the left, the first configuration achieving loss when a > k—il To the right, an
example of configuration having loss e = a — 2/3 + (2/3)v/3a? — 3a + 1.

Let us observe that p(a, k) is piecewise linear, convex, and its value is 0 if a < 1 /(k+1).
Analyzing the points of the domain where f?* is minimized, we find p(a,2) and p(a, 3).
The resulting formulas are as follows:

0 . <1 0 Sia<z
sia< = tact) . 1 .
p(a,2) :{ (Ba—1) 1 <Z< . pla,3) = Eag ; sig<a<gg
4 3=%=12 6a—2 11 1
7 sl g5 Sa <3

Our next lemma tells us which is the behavior of p(a, k) for values of a slightly greater
than 1/(k+1).

Lemma 6 If1/(k+1) <a <1/k, the mazimum loss is obtained when by = by = ... by =
(1—a)/k, r1=bi+e, mo=...=71=c¢, withe= ((k+1)a—1)/k?. Moreover, the loss
15 €.

Proof. Given any configuration such that 1/(k + 1) < a < 1/k, the proof is based in
checking that any two zones b; and b; are sufficient for covering all the red zone. In this
situation, a case analysis shows that the configuration given in the lemma is the one that
maximizes the loss function. O

The configuration of the lemma is shown in the left part of Figure 5. The red zones
have been represented by rectangles.

For any given a, we will be interested in the value of p(a, k), when k tends to infinite.
Therefore, for fixed a, we can compute the loss in the preceding configuration for different
values of k satisfying a > 1/(k +1). The maximum is achieved for k = 2(1 — a)/a and the
loss is a?/(4(1 — a)).

Nevertheless, for fixed a, there is a family configurations that in the limit produce a
greater loss. The configuration is obtained form the preceding configuration, assuming that
each of the regions ra,...,r; is subdivided into 7 regions of size r;/r, and that between
any two subregions we insert blue zones having size r; /r too. Thus we have 2(1+4 (k—1)r)
zones: k big blue zones, say of size by, plus (r — 1)(k — 1) small blue zones of size ¢/r, plus
r(k — 1) small red zones of size €/r, and one big red zone (sayri), with size by + €. It must
happen that by + ke = a and kb; + (r — 1)(k — 1)(¢/r) = 1 — a and again the loss of this
figure is €. A configuration of this type is shown in figure 5.

When r tends to infinite, the second formula becomes kb; + (k — 1)e = a, and therefore
the loss is e = ((k 4+ 1)a — 1)/(k? — k 4+ 1) with by = (a + k(1 — 2a))/(k* — k + 1).



If we fix a and look for the value of k which minimizes the loss, we obtain k£ = (1 —
2a)/(1—a—+/3a? — 3a + 1), and the corresponding loss is € = a—2/3+(2/3)v/3a? — 3a + 1.

As this continuous model can be approximated with a discrete model of points, we
deduce the following result:

Lemma 7 Given any proportion a < (1/2) of red points, for every a such 0 < 2/3 —
(2/3)V/3a? — 3a + 1 < « there are configurations of red and blue points in such proportion,
where the size of any mazimum linear matching is less than o|R U B|; equivalently, any
alternating path has length less than 2a|R U B).
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