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Chapter 1

Preliminaries

We will denote the language by L, or more precisely L will denote the set of non-
logical symbols: symbols of constant, function symbols and relation symbols.
The relation symbols will be denoted by capital letters (usually P,Q, R...), the
function symbols will be denoted usually by f, g, h..., while the constants will
be denoted by c,d.. ..

The L-terms are build recursively, starting from constants and variables, by
applying the following rule: if f is an n-ary function symbol and ¢4, ... ,t, are
terms then f(t1,...,t,) is also a term. To denote terms we will use parenthesis
f(t1,...,t,) although they are not necessary. We assume a countable set of
variables Var usually denoted by, z,y, 2, 21,...,Zn, .. ..

The firs-order formulas are built starting with atomic formulas (formulas
of type t; = t3 or Rty,...,t,) using the connectives =, A,V,—, <> and the
quantifiers V,3. We will use the fact that each formula is equivalent to one
using only —, A,3 (i.e., where V,— <>V do not occur) to simplify proofs by
induction.

Usually we will use the same letter M, N,... to indicate the structure and
its domain. The cardinal of a structure M is the cardinal of its domain and is
denoted by |M|. A tuple @ of M is a finite sequence ay,...,a, of elements of
the domain of M and this will be denoted informally by putting @ € M. The
length of the tuple aq,...,a, is n.

If ¢ is a term, ¢(T) indicates that the variables of ¢ are among those of 7, i.e.,
a subset of {x1,...,x,} where T denotes z1,...,2,. If M is a structure and @
is a tuple of elements of M of the same length as 7, tM (@) (or also #(@) if there
is no possible confusion) will denote the interpretation of ¢ in M when assigning
a; to x;. When we use this notation we are assuming that ¥ and @ have the
same length and ordered in some manner, although not explicitly stated.

The interpretation of a term ¢ (@) is defined by recursion below. Observe

that if ¢ = f(¢1,...,t,) has its variables among T the same happens with each
term ¢;. So we will always assume that if ¢ = f(t1,...,t,) = t(T) then also
t; = t;(T).
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Definition 1.0.1. Given a term ¢(Z) a structure M and a tuple @ € M, we
define the interpretation tM (@) as follows:

e If ¢() is a constant ¢ we put tM = M|

t]\/[

e If ¢(Z) is a variable x; we put = a;,

o If t(Z) is f(t1,...,tn), we put t" (@) = fM(tM(a@),...,tM(@)).

For a formula ¢, we write ¢(T) to indicate that Z is a tuple of variables
and the free variables ¢ are among those of T . If @ is a tuple of M we write
M = (@) to indicate that that the formula ¢ holds in M when assigning the
variables in the tuple Z to the elements of the tuple @ in an ordered manner
(sending x; by a; for each and 7). Again, we are assuming that T and @ have
the same length.

Below we define by recursion the satisfaction relation M = ¢(@). In order to
simplify, we assume here the formulas are built using the connectives =, A and
the existential quantifier 3. Observe that if Jyi) has its free variables among T
then 1 has its free variables among y, T.

Definition 1.0.2. Given a formula ¢(Z), a structure M and a tuple @ € M, we
say that ¢ holds in M with the assignment z; — a;, in symbols M = ¢(a), as
follows:

is t; =ty we put M = p(a) iff t}M(a) =t} (a@).

is R(t1,...,t,) we put M |= ¢(a) iff ¢t} (a@),...,tM(@)) € RM.

o If ©(T) is 1 Ao we put M = ¢(a) iff M E ¢1(a) and M | 1(a).

o If ©(T) is Iy (y,T) we put M = (@) iff M = ¢(b,a) for some b € M.

Given a formula @(y1, ..., ym) and terms t1(Z), ..., tn (T) we will denote by
©(t1, ..., tm) the result of substituting y; by ¢; simultaneously in a lexicographic

variant of ¢. A lexicographic variant of a formula is obtained by replacing bound
variables by other new variables. It is known that replacing bound variables in
© by variables not occurring in any term ¢; (in fact it is enough to replace only
those that occur in some t;) the substitution x;/t; turns out to be free. The
substitution lemma becomes, with this notation

ME b, ta)@) i M ot @, @) (1.01)

Very often these terms t; will be constants ¢;. In this case, the substitution
lemma becomes:

M= p(cr,... cm) iff M=p(cM, ... cM) (1.0.2)

r m

To end, a little bit more notation:
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Notation 1.0.3. When working with particular examples we will freely write
assignments inside formulas. For instance, let L denote the language that con-
tains only a single binary relation < and M be the structure (Z,<?%), where
we denote here also by <% the strict order relation between integers. Let the
formula p(x,y) = J2(z < 2 A2 < y). We will write (Z, <%) | 32(1 < 2A2 < 3)
to denote M = ¢(1,3). This is very useful notation in order to ‘understand the
formula’. However one must know that 3z(1 < z Az < 3) is not a formula, since
1 and 3 are not constants of the language.

Likewise, if o(Z) is Jyv(y, T) we put M = Ty (y,a) to denote M = o(a).
Again, here Iy (y,a) is not a formula.

remark 1.0.4. The notation ¢(..., ) has many (maybe too many) uses and
one has to be careful with the notation. If we write p(z1,...,z,) it usually
denotes that the free variables of ¢ is a subset of {x1,...,2,}. Of course,
this is because we assume that z1,...,x, are variables. If y1,...,y, is a new
tuple of variables ¢(y1, ..., y,) denotes the same formula after the substitution
x; — Y. I er,..., ¢, is a tuple of constants ¢(cy,...,¢,) denotes the result
after the substitution z; — ¢;. If a1,...,a, is a tuple of elements in some L-
structure M, ¢(ay,...,ay) is not a formula (so may no be written!), but we write
M E p(ai,...,a,) to denote the satisfaction of ¢ in M under the assignment
T; — Aj.

Infinitely many free variables can occur in an infinite set of formulas. In
this situation one needs to assign infinitely many variables, say all variables to
simplify. If Var denotes the set of all variables, an assignment into M is a map
s:Var — M. For a given formula ¢(T), we denote M |= ¢(s) when M | ¢(a),
where a; = s(z;).

Definition 1.0.5. Let X be a set of formulas and ¢ a formula.

e The set X is called satisfiable iff there is some structure M and some
assignment s : Var — M such that M = ¢(s) for each formula ¢ € X.
This fact is denoted by M |= X(s).

e the formula ¢ is a logical consequence of ¥ (or ¥ entails ), in symbols:
Y o, if M = o(s) for each M and s such that M = X(s).

Usually, the formulas will be closed (without free variables) and called sen-
tences. The cardinal of L, denoted by |L|, is the number of symbols of L (con-
stant, function and relation). Unless otherwise stated, we work with a countable
set of variables. In this situation there are |L| 4+ Ry formulas.

1.1 The compactness Theorem

Our starting point are the theorems of compactness (Theorem 1.1.1), stated
without proof.
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Theorem 1.1.1 (compactness theorem, first version). Given a set of formulas
> and a formula ¢ then:

Y | ¢ iff there is a finite subset Xo of ¥ such that ¥g = ¢

Equivalently, the compactness theorem can be stated as follows:

Theorem 1.1.2 (compactness theorem, second version). Fvery set of formulas
finitely satisfiable is satisfiable.

Corollary 1.1.3. Let ¥ be a set of sentences. If every finite subset of X has a
model then ¥ has a model.

Ezercise 1.1.4. 1. Prove each versions of the compactness theorem using the
other.

2. prove that from corollary 1.1.3 one can recover the compactness theorem
1.1.1.

Ezercise 1.1.5. A class K of L-structures is called axiomatizable (also called
A-elementary class or ECa class) if it is of the form Mod(T') for some L-theory
T. In case T is finite we call K finitely axiomatizable (also called an elementary
class). Use compactness to show:

1. The class of torsion groups is not axiomatizable.
2. The class of connected graphs is not axiomatizable.

FExercise 1.1.6. Let M be an L-structures. A subset A C M™ is called definable
if there is an L-formula ¢(T) such that A = {a € M™ | M = p(a)}. Here we
implicitly assume that the length of T is n. Use compactness to show:

1. The torsion part of a group is not definable (more precisely: there is no
formula ¢(x) such that in any group G ¢ defines its torsion part).

2. The connected component of a graph is not definable (more precisely:
there is no formula ¢(z,y) such that in any graph G M = ¢(a,b) iff a
and b are in the same connected component).

3. The set of all algebraic (over the prime field) elements in a given field are
not definable (more precisely: there is no formula ¢(x) such that in any
field K, ¢ defines the algebraic elements of K).

1.2 Lowenheim-SkolemTheorems

Definition 1.2.1 (embeddings and substructures). An embedding is an
injective map h : M — N satisfying the following properties:

1. h(c™) = N for every constant symbol c.
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2. h(fM(@)) = fN(ha) for every function symbol f and every tuple @ of
elements of M of the same length than the arity of f.

3. @ € RM iff ha € RN for every tuple @ of M and every relation symbol R.

Here @ denotes aq,...,a, and ha denotes haq,...,ha,. When the identity is
an embedding of M into N it is said that M is a substructure of N and we
will denote it by M C N. An Isomorphism is a surjective embedding, i.e., a
bijection preserving all the symbols of the language.

If M is a substructure of IV, then obviously the domain of M is a subset of
the domain of N. Moreover, the following holds:

1. ¢M = ¢V for every constant symbol c.

2. fM(@) = fN(a) for every function symbol f and every tuple @ of elements
of M of the same length than the arity of f.

3. a€ RM iff a € RN for every tuple @ of M and every relation symbol R.

Observe that a substructure of N is determined by its domain, since the
interpretation of the symbols of function and relation is just the restriction of
the interpretation of the symbols in V. The domains D of the substructures of
N is a subsets of N ‘closed under application of functions’. That is, satisfying
the following:

1. ¢V € D for every constant symbol c.
2. fN(@) € D for every tuple @ of D and functional symbol f*.

Although not every subset A of N is the domain of a substructure, there is
a smallest substructure of N conntaining A, denoted by (A),,. The domain of

(A)p is
{t"(@) | t = ¢(7) is a term and @ is a tuple of elements of A} (1.2.1)

Ezercise 1.2.2. Prove that (1.2.1) is the smallest subset of N containing A and
closed under application of functions.

We observe that if h : M — N is an embedding, h(M) is the domain of a
substructure of N, which we will denote also by hA(M), and h is an isomorphism
from M to h(M). Conversely, every isomorphism of M onto a substructure of N
is an embedding. In other words, an embedding of M into N is an isomorphism
of M onto a substructure of N. Hence the structures that may be embedded in
N are the isomorphic copies of substructures of N.

Proposition 1.2.3. If h: M — N is an embedding then there is an extension
M of M (M is a substructure of M') and an isomorphism h' : M’ — N
extending h.

Lalthough not stated it should be clear that the arity of f is the same as the length of @
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Proof. Let A be a set containing M and h’ an extension of h which is a bijection
from A to N. Now we define a structure M’ with domain A by putting, for
each tuple a € A:
aeRM & WaeRN
M@ = nfNnwa) (1.2.2)
By definition, A’ is an isomorphism extending h. It remains to prove that M is a
substructure of M’. For a tuple @ € M, and a relation symbol we have: @ € RM

iff ha = h'a € RN iff a € RM, since h is an embedding. For a function symbol
f we have: fM (a) =n'"1fN(Wa)=n-1fN(ha)=n"thfN(@) = fN@). O

Ezercise 1.2.4 (homomorphism’s theorem). Let & be an embedding b : M — N.
Prove that:

1. For each term ¢(Z) of the language and each @ € M it holds that htM (@) =
tN(ha). 2

2. h preserves all the formulas without quantifiers. That is, if p(ZT) is a
formula without quantifiers, then

M = p(a) iff N = ¢(ha) for alla e M (1.2.3)
3. If h is an isomorphism then it preserves all formulas, i.e., (1.2.3) holds for
every formula ¢.
Exercise 1.2.5. Let h be an embedding from M to N. Prove that:

1. If p(Z) is an existential formula ( it is of the form Iy with ¢ quantifier-
free), @ € M and M = ¢(a) then N = ¢(ha).

2. If () is a universal formula ( it is of the form Vg with ¢ quantifier-free),
a € M and N |= p(ha) then M = ¢(a).

Ezercise 1.2.6. Prove the following are equivalent:
1. h is an embedding
2. h preserves all quantifier-free formulas
3. h preserves all atomic formulas

4. h preserves the following formulas: * = y, * = ¢ for each constant c,
Rxq, ...z, for each relation symbol R, fzi,...,x, =y for each function
symbol f.

Definition 1.2.7. An elementary embedding is an embedding preserving all
formulas, that is, satisfying (1.2.3) for every formula . In the case where the
identity is elementary we will say that M is an elementary substructure of
N and we will denote it by M < N.

2In fact this is true for any homomorphism h
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Point 3. in 1.2.4 says that any isomorphism is an elementary embedding.

Definition 1.2.8. Two structures M, N are elementarily equivalent, M =
N in symbols, if they satisfy the same sentences, that is, have the same theory.

If there is an elementary embedding of M into N then M and N are elemen-
tarily equivalent. However not every embedding between elementarily equivalent
structures is elementary: (2Z, <) is a substructure of (Z, <) that is isomorphic
to it, however the formula 32(0 < = < 2) holds in (Z, <) but not in (2Z, <).

We observe that an elementary embedding of M into N is an isomorphism
of M onto an elementary substructure of N.

Exercise 1.2.9. Prove that if h : M — N is an elementary embedding then there
is an elementary extension M’ of M (M is an elementary substructure of M)
and an isomorphism h : M’ — N that extends h.

Theorem 1.2.10 (Tarski-Vauth’s test). Let N be a structure and A a subset
of N. Then A is the domain of an elementary substructure of N iff for every
formula (x,7) and every tuple @ of A such that N = xp(x,a) there exists an
element b of A such that N = (b, a).

Proof. The implication from left to right is easy and we leave it to the reader.
In order to see the converse we assume that M satisfies the condition of the
statement. By applying the condition to the formula Jz(x = f(y)) we begin
by seeing that A is the domain of a substructure M of N. Next we see, by
induction on ¢(Z), that for every tuple @ of M that M E ¢(a) iff N E ¢(a).
For atomic formulas it is done in exercise 1.2.4. For the conjunction and the
negation is easy to check. The only delicate point is when ¢(Z) = Jyy(y,T). If
M = Jyy(y,a) then M = (b, @) for a certain b € M and therefore N = (b, @)
by hypothesis of induction. Conversely, if N | 3y (y,a), by hypothesis, there
is a b in M such that N |= ¢(b,a). But then, by hypothesis of induction again,
M = (b,a) and therefore M = Jyy(y,a). O

Ezercise 1.2.11. 1. Let M be a substructure of N satisfying the following
property: given a finite tuple @ € M and b € N there is an automorphism
h of N with h(b) € M and h(a) = a. Show that then M < N. Hint: use
Theorem 1.2.10.

2. Apply 1 this to show that given M C N two dense linear orderings without
endpoints M < N.

3. Let R be any ring. Let R[X] denote the polynomial ring in the set of
variables X. Prove that if X is an infinite set of variables and X C Y
then R[X] < R[Y] in the ring language {+, —,.,0,1}. Hint: Use 1.
The following result is an improvement of the downward Léwenheim-Skolem
theorem.

Theorem 1.2.12 ( Lowenheim-Skolem-Tarski). If A is a subset of N, then
there is an elementary substructure of N containing A of cardinal at most |A|+
|L| + No.
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Proof. For each formula ¢(y, Z) we consider the following choice function F,(, ) :
N"™ — N (where n is the length of 7).

Fle (@ = b, if it exists an element b of N such that N = ¢(b,a);
e\ = ¢, otherwise. ’

where c is a fixed element of N. If M contains A and is closed under all the
maps Fi, z), by Tarski-Vaught’s test 1.2.10 M is an elementary substructure
of N. Let M be the closure of A under all the maps F,(,z). This M is
built in a countable number of steps as follows. We start with Ag = A and take
Apmi1 = AnUUyy myer Forym) (An). Of course at any step [A,| < [A|+[L[+Ro
and therefore if we put M = J,, A,, the cardinal of M is also bounded by
|A] + L] 4 Ro. O

As a corollary we obtain the usually called downwards Lowenheim-Skolem
theorem. Although it is also true for formulas in general (appropriately formu-
lated) we state it for sentences.

Theorem 1.2.13 (downwards Lowenheim-Skolem Theorem). If a set of sen-
tences has models, it also has models of cardinality at most |L| + Ro.

Proof. Let ¥ be a set of sentences and N be a models of ¥. By Theorem 1.2.12
(with A = () there is some elementary substructure M of N os size at most
|L|+Ng. Since M = N, M and N must satisfy the same sentences, so M is the
desired model of 3. O

A simple consequence of downwards Lowenheim-Skolem theorem using com-
pactness, is the upwards Lowenheim-Skolem theorem. It says that a theory
having infinite models (or arbitrarily large finite models) also has models in any
cardinal bigger or equal to |L| + Y.

Theorem 1.2.14 (upwards Lowenheim-Skolem Theorem). Let ¥ be a set of
sentences such that for each n, 3 has a model of size at least n. Then, for each
cardinal A > |L| 4+ R, ¥ has a model of cardinal \.

Proof. We take a set C' of new constants of cardinal A and we consider the
theory:

U :=TU{c#d]|cd are two different constants of C'} .

Every finite subset ¥y of ¥ contains finitely many constants, say n. By hy-
pothesis ¥ has a model M of size at least n. Hence Wy is satisfied in a suitable
expansion of M interpreting the new constant as different elements. Because
of compactness, ¥ has a model. By downwards L&wenheim-Skolem Theorem
1.2.13 there is a model M of ¥ of cardinal at most A+ |L|+ Xy = A. But as the
A different constant have to be interpreted as different elements it follows that
M has cardinal exactly A\. The reduct of M to L is a models of ¥ of cardinal
A O
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As a consequence, if a theory has only finite models, there is a finite bound on
the cardinality of its models. The upwards Lowenheim-Skolem theorem says us
that the set of infinite cardinals where a countable theory has models is either the
empty set or all infinite cardinals. If the language is uncountable we know that
either the set of infinite cardinals where a theory has models is either the empty
set or contains {\ | A is a cardinal and |L| + Xy < A}. However it does no says
anything about the cardinals in the interval {\ | A is a cardinal and o < A < |L|}.
The following examples show that we cannot say much more with absolute gen-
erality.

Ezample 1.2.15. 1. Let A be an uncountable cardinal and C' a set of k con-
stants. The set {c # d | ¢, d are two different constants of C'} has no mod-
els of size less than |L| = k.

2. Consider the language L which contains, for each subset S of N a unary
predicate Pg. Let the L-structure N whose domain is N and Pg is inter-
preted as S. Obviously Th(/V) has a countable model although |L| = 2%0.

In the following exercise we will see that for finite cardinals the situation is
radically different.

Exercise 1.2.16. The finite spectrum of a sentence ¢ is the set of finite cardinals
where the sentence has models: {n € w | ¢ has a model of cardinal n}. The
finite spectrum can be quite complicated. Construct formulas such that its
finite spectrum is the following one: nN = {nm € N | m € N}, where n a fixed
natural number n. The set of all square numbers: {m? € N |m € N}. The set
of all prime numbers. The set of all non prime numbers. The set of all powers
of some prime number. the set of all powers of a fixed prime number p.

1.3 Complete theories: the test of Los-Vaught

A theory will be a set of sentences. Many textbooks of mathematical logic define
a theory as a set of sentences closed under logical consequence. Every set of
sentences Y determines a unique set closed under logical consequence having
the same models: the set of their logical consequences

¥F = {¢] ¢ is a sentence and ¥ }= ¢} .

Since we are interested on its models this does not make any difference.

Ezercise 1.3.1. For a class K of L-structures, denote
Th(K) = {¢ | ¢ is a sentence and M = ¢ for each M € K}.
1. Shows that = = Th(Mod(X)).
2. Let X1, X5 be sets of sentences. Shows that the following are equivalent:

(a) F =30
(b) X7 and X5 have the same models.
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Definition 1.3.2. A theory T is said to be complete if for every sentence ¢
we have that T = or T | —.

The basic example of complete theory is the theory of a structure: Th M =
{¢ | ¢ is a sentence and M |= ¢}. As a matter of fact, apart from the inconsis-
tent theory (that consists of all sentences) there are not more: it is easy to verify
that every consistent and complete theory is the theory of any of its models.

Ezercise 1.3.3. 1. M = N iff N is a model of Th(M).
2. A theory is complete iff all its models are elementarily equivalent.

Definition 1.3.4. Let A be an infinite cardinal. A theory T is called categori-
cal in A or A-categorical if any two models of T of cardinal A are isomorphic.

The A-categoricity of T says exactly that, except of isomorphism, T has
at most one model. If T has infinite models and A > |L| 4+ Ry, by upwards
Léwenheim-Skolem there has to be exactly one model up to isomorphism.

By the homomorphism theorem (exercise 1.2.4) if M is isomorphic to N then
M and N are elementarily equivalent. Given any infinite structure M, by the
upwards Lowenheim-Skolem theorem Th M has models N of arbitrarily large
size, hence not isomorphic to M. In other words, if M is infinite there are struc-
tures elementarily equivalent but not isomorphic to M. The next proposition
shows that the case where M is finite is completely different.

Proposition 1.3.5. 1. If M and L are finite, there is a sentence pp; that
characterizes M up to isomorphism, that is, for any N, N is a model of
wr  iff N it is isomorphic to M.

2. If M is finite and N = M then M and N are isomorphic.

Proof. 1. Let M = {aq,...,a,}. Consider the sentence ¢ := 3z1,...,2,0n,

where
Y = /\ xi#xi/\Vy<\/y=$i>/\/\¢s ;

1<i<j<n i=1 seL

and the formula v, describes the interpretation of the symbol s in M as follows.
If s is a constant ¢ and ¢ = a; then 1. is the formula ¢ = x;. If s is an m-ari
function symbol f,

1/)f = /\ f(xilv ce 7£C7;m) = xg(il,...,im)a

1<iy, .. im<n

M _ . . .
where f*(a;,,...,ai,) = ag(,,...i,,)- When s is an m-ari relation symbol R
'I/JR = /\ R.’Eil,...,.’Eim/\ /\ _'inlv"'vxim
(a,;l ..... aim)ERM (ail ..... aim,)eMm\Rl\l

Obviously N = ¢)s(b1,...,b,) iff the map a; — b; preserves the symbol s. Thus
N = Yar(byy ..., by) iff a; — b; is an isomorphism and N | ¢ iff N 2 M.
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2. By 1, the case when L is finite is obvious. Assume now M = N and L
arbitrary. Obviously N is finite and of the same cardinalilty as M. Towards a
contradiction, assume M % N. For each bijection g from M to M there is a
symbol s, not preserved by g. Since there are finitely many bijections from M to
N the Language L' := {s, | g : M — N bijective} is finite and M [ L' 2 N [ L’
whereas M | L'’ = N | L', a contradiction by 1. O

Observe that, by the previous proposition, if a complete theory only has
finite models, as a matter of fact it has only one model (up to isomorphism). A
quite important question is to know when a given theory (without finite models)
is complete. A first simple case is when it is categorical in some cardinal.

Theorem 1.3.6 (Los-Vaught’s test). A theory without finite models and cate-
gorical in some cardinal greater or equal to |L| 4+ Rg is complete.

Proof. Suppose that T is A-categorical, with A > |L| 4+ Rg and without finite
models. We will see that any two models M and N of T are elementarily
equivalent. Consider the theories of M and N respectively. Being M and N
infinite we can apply upwards Lowenheim-Skolem and we obtain M’ and N’
elementarily equivalent to M and N respectively of cardinal \. Then M’ and
N’ are two models of T of cardinal A, therefore isomorphic. Finally M’ and N’
are elementarily equivalent, and therefore also M and N. O

For instance, the theory of dense linear orders without endpoints is complete,
because is Ny-categorical and has no finite models. It is easily seen that this
theory is not categorical in any other cardinality.

If A is an infinite cardinal number, I(\, T') denotes the number of models of T
of cardinal A up to isomorphism. Each model of cardinality A has an isomorphic
copy with domain A. Hence I(A,T) is at most the number of structures with
domain A. For each constant symbol we have A choices, and for each function
symbol and relation symbol we have 2* choices. This shows that there are at
most (2*)1F1 = 22+ structures with domain X. This shows that for A > |L|+Xg
one gets I(\,T) < 2*. If T has infinite models and A > |L|+Rq the Lowenheim-
Skolem theorem 1.2.14 tells us that I(A,T) > 1.

FExercise 1.3.7. Prove that:

1. The theory of an infinite set is categorical in any cardinal, i.e., I(A\,T) =
1 for each infinite cardinal A. This is the theory, in the empty lan-
guage axiomatized by {¢>y | n € N}, where ¢>,, is the following formula:

Jzq -+ 3z, (/\1§i<j§" i 7 mj)'

2. The theory of an equivalence relation with infinitely many classes all in-
finite. The language contains a single binary relation. This theory is No-
categorical but it is not categorical in any other cardinal. It is not difficult
to see that I(R,,,T) = Vg for 0 < n < w and I(R,,T) = 2lol for v > w
(Hint: each model is characterized by the function a+1 — wU{Xz | f < a}
which computes, for each § < a the number of classes of size Ng.
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3. If k is a finite field, the theory of the infinite k-vector spaces is categorical
in any infinite cardinal.

4. If k is an infinite field, the theory of nontrivial k-vector spaces is categorical
only in cardinality > |k|. Observe that in this case |L| = |k|. Show that
I(\T) =0 for Rg < A< |k|, I(|k],T) = |k] and I(A\,T) =1 for X > |k|.

5. The theory of all algebraically closed fields of a fixed characteristic is
categorical in any non countable cardinal, however it is not Xg-categorical.

This uses the criterion of Steinitz for isomorphism of algebraically closed
fields.

6. The theory Tpro of the dense linear orders (more precisely: dense linear
orders without endpoints) i L = {<}. Tpre is axiomatized by VzVy3Iz(z <
y— <y <z),VeIdydz(y < x < z) plus an axiom expressing that <
is linear order. Then Tpro is No-categorical (we will prove it later using
Back and Forth) but it is not categorical in another infinite cardinal. In
fact I(X,,T) =R, for any a > 1.

By Theorem 1.3.6, all these are examples of complete theories.
Ezercise 1.3.8. Prove that:

1. If T is finitely axiomatizable ( there is a finite set of sentences with the
same models as T) then there exists a finite Ty C T such that Tp has the
same models as T'.

2. Deduce that Tpro is, among the of theories of the previous exercise, the
only one which is finitely axiomatizable.

3. Show tat the class of fields of characteristic zero is not finitely axiomatiz-
able.

M. Morley proved, in the year 1967, that if a countable theory (a theory
in a countable language) is categorical in some non countable cardinal the it
is categorical in all non countable cardinals. This result is known as Morley’s
Theorem. This is not true if we include X as the examples above show. We have
seen examples of totally categorical (in countable and uncountable cardinals),
categorical theories only in countable cardinal, categorical theories in all the non
countable cardinals but not in Ny, and complete theories that are not categorical
in any cardinal. For countable T, the function I(-,T) is increasing for A > ¥y
although this is a very deep result of Shelah. In fact Shelah proves the following
conjecture of Morley: for countable T" and not uncountably categorical, the
function I(-,T) is increasing for A > Ng.

1.4 Elementary chains

Definition 1.4.1 (chain, elementary chain). A chain of structures is a
collection (M; |i € I), where (I, <) is totally orderly and such that M; C M;
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whenever ¢ < j. When M, is an elementary substructure of M; for every i < j
we will say that it is an elementary chain.

When we have a chain of structures, the structure union of the chain,
denoted by J,c; M, is constructed as follows. Its domain is the union of the
domains and the symbols are interpreted also taking the union of their interpre-
tations. For instance, if R is a relation symbol RUica Mi = Uica RMi. For the
function symbols we do the same with the graph of the function. Equivalently,
if f is an n-ari function symbol and @ is an n-tuple of elements of |J;.; M;,
we take some M; where all the elements of the tuple belong. Then we put
fUier Mi(g) := fMi(@). Being a chain, this does not depend on the chosen M;.
We treat the symbols of constant like symbols of function of arity 0. It is easy
to verify that each M; is a substructure of the union.

Ezercise 1.4.2. Sow that V3-sentences (sentences of the form Vz3gyy with ¢
quantifier-free) are preserved under unions of chains. More precisely, if (M; | i € I)
is a chain of structures and a V3-sentence ¢ holds in any M; then ¢ also holds
in the union of the chain J;.; M;. Use 1.2.4.

The followings exercise aims to show that we can do the same construction
in a wider situation: working wit embeddings and a non-necessarily ordered set.

Ezercise 1.4.3. A directed system of embeddings consists is a collection of struc-
tures (M; | i € I), where (I, <) is a directed (for any 7, j € I there is some k € T
with ¢ < k,j < k) partially ordered set, together with a collection of embed-
dings f;; : M; — M for any pair 4, j € I with ¢ < j, satisfying fjxo fij = fix.
Define the direct limit lim; M; of the system and embeddings h; : M; — lim; M;
and show that hj o f; ; = h;.

Lemma 1.4.4 (chain’s lemma). If the chain (M; |i € I) is elementary, then
each M; is an elementary substructure of the union:

M; < U M;.
jel
Proof. We prove, by induction on the formula ¢(Z), that for each i and each
tuple @ of M; the following holds

M; = (@) iff | M; = o(@)
iel
For the atomic formulas we know it because M; is a substructure of the union.
The cases of the negation and the conjunction are trivial. Let now ¢(a) =
Jx(x,@). If M; | Jx(x,a) there is some b € M; with M; E ¢(b,a). By
hypothesis of induction, (J;c; M; & ¢ (b,a) and thus U,c; M; = Jzy(z,a).
Conversely, if the formula 3z (z,a@) holds in (J,; M; we have that J,.; M; =
(b, @) for a certain b € M; with j > i. By hypothesis of induction M; |= (b, a).
Hence M; |= 3z (z,@) and, as the chain is elementary M; = Jxi(x, a). O

The chains of structures are usually indexes in an ordinal « and in the limits
are take unions (that is, M; = (J;, M; for every i < « limit). In this case the
chain is is said to be continuous.
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Ezercise 1.4.5. A continuous chain of structures (indexed in an ordinal) is ele-
mentary if for each 4, M; is an elementary substructure of M; ;.

Ezercise 1.4.6. This is a continuation of exercise 1.4.3. Show that the chain
lemma holds for a direct limit of structures. More precisely, If (M; | i € I) and
(fij) |1 <jelfora directed system of elementary embeddings (i.e., each f; ;
is elementary) then the maps defined in h; : M; — lim; M; defined in 1.4.3 al
also elementary.

Exercise 1.4.7. A theory is called model complete iff every embedding between
models of T is elementary. Prove that 7" is model complete if given M, N models
of T and an embedding f : M — N there is some elementary exetension M*
of M and an embeddings g : N — M™ such that Id = go f. Hint: given f :
M — N build elementary chains (M, | n € N), (M, |n € N) and embeddings
fn: My, — Ny gn 2 Ny = Myyq with g, 0 fr, =1d fry1 09, = 1d. Start with
My = M, Ng =N and fo = f. Apply the hypothesis to obtain My = M* and
go = g. Apply again the hypothesis to gy : Ng — M to obtain Ny and f1 and
s0 on.

1.5 Diagrams

We often work with two languages: L and an extension L’ of it (that is, all
symbols of L are in L’), which is denoted by L C L’. In this case any L'-
structure M’ becomes an L-structure M naturally forgetting the interpretation
of the symbols of L' — L. In this case M is called the restriction of M’ to L
and denoted by M = M’ | L . One can also say that M’ is an expansion of
M to L.

Now we will consider expansions of a language L by constants. If M is a
L-structure, we will expand L by adding a new constant for each element of
M. For simplicity we will use the same symbol to denote the constant and the
element of M that designates. We will denote this expansion by L(M). We will
denote by My, the natural expansion of M to L(M), where each new constant
a is interpreted as the element a of M. If N is another L-structure and h a
map from M to N the expansion of N to L(M) that interprets a as ha will be
denoted by (N, ha)eear-

Every sentence of L(M) is obtained by replacement of the variables Z of an
L-formula ¢(T) by constants @ € M. This sentence will be denoted by ¢(a).
With this notation, the Substitution Lemma (1.0.2) becomes:

My E e(a) it M E o(a). (1.5.1)
In the same way
(N, ha)aem ): (,0(5) iff N |: (p(ha). (1.5.2)

remark 1.5.1. in (1.5.1) the expression (@) denotes a formula in My, = ¢(a)
while the same expression (@) does not denote a formula in M = ¢(@). The
same applies to (1.5.2). The equivalence (1.5.1) says that the notational confu-
sion remarked in 1.0.4 is harmless here.
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The diagram of M is the set of L(M )-formulas without quantifiers holding
in My

Diag(M) = {p € L(M) | ¢ is without quantifiers My; = ¢} .
The elementary diagram of M is the theory of My;:
A(M) ={p e L(M) | My |= ¢} = Th(My).

Next proposition says that every model of the (elementary) diagram of M
consists of a structure N plus an (elementary) embedding of M in N.

Proposition 1.5.2. Let M, N be two L-structures and h a map from M to N.

1. The map h is an embedding (of M into N) iff (N, ha)eenrr is a model of
Diag(M).

2. The map h is an elementary embedding (of M into N) iff (N, ha)eecn it
is a model of A(M).

Proof. We begin by proving 1. Suppose that h is an embedding. If p(a) €
Diag(M) then My E (@) and thus M = p(a). By 1.2.4 N |= ¢(ha) and there-
fore (N, ha)qem = @(@). Hence (N, ha)qenr is a model of Diag(M). Conversely,
if (N,ha)qenr is a model of Diag(M), h is injective because a # b € Diag(M)
for each couple of elements a,b different of M. Let R is a relation sym-
bol and @ a tuple of M. If @ € RM then R(a) € Diag(M). Therefore
(N,ha)aers = R(a@) and thus ha € RY. If a ¢ RM then —R(@) € Diag(M).
Therefore (N, ha)en | —R(@) and ha ¢ RN. If f is a function symbol, @ is
a tuple of M and b = fM(a) we have that the formula b = f(a) belongs to the
diagram of M, (N, ha)een = b = f(a@) and therefore h(b) = f (ha).

To prove 2, we suppose that h is an elementary embedding. Then if p(a) €
A(M) it follows that My = (@), M E ¢(@), N & ¢(ha) and therefore
(N,ha)eerm = @(@). Hence (N, ha)gen is a model of A(M). Conversely
(N, ha)qenm is model of A(M), p(T) € L and @ is a tuple of M, M = ¢(a)
iff p(@) € A(M) iff (N,ha)eem E (@) iff N = p(ha). O

Ezercise 1.5.3. The diagram of a structure could be defined with a smaller set
of formulas. Let us denote diag(M) the following set of formulas:

e R(a) for each relation symbol R and each tuple @ € RM.
e —R(a) for each relation symbol R and each tuple @ ¢ RM.

e f(a) = b for each function symbol f, each tuple @ € M and each b € M
such that fM(a) = b.

e a # b for each pair of different elements a, b of M.
Sow that Diag(M) and diag(M) have the same models.

We next see an application of the diagrams.
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Proposition 1.5.4. Two structure My, My are elementarily equivalent iff there
1s a structure N and elementary embeddings of each M; in N.

Proof. Suppose that M; and Ms are elementarily equivalent. By proposition
1.5.2 everything is reduced to find a model of A(M7)UA(M;). We can suppose
that the domains of M; and M, are disjoint (otherwise we take an isomorphic
copy of M7). By compactness and the fact that A(M;) is closed under conjunc-
tion we have to find a model of (@) A 1(b), where ¢(@) is from the elementary
diagram of M; and ¢(b) is from the elementary diagram of Ms. Here we assume
@ € My, b€ M, and ¢(%),(y) are L-formulas.

Since My = 9 (b) also My |= 37 (T). As M, is elementarily equivalent to
M; we have that My |= 3z (T). Therefore M; = ¢(¢) for a certain tuple ¢ of
elements of M;. Then the expansion M’ of My, interpreting b by ¢ satisfies
1(b) and therefore is a model of (@) A (). O

remark 1.5.5. In proposition 1.5.4 we can improve the conclusion by stipulat-
ing that N is an elementary extension of Mj, i.e. fi is the identity. This is
done using lemma 1.2.3. But we cannot get, in general, a common elementary
extension of M7 and Ms. For instance, if My C M the existence of a common
elementary extension implies M7 < Ms. Next exercises deal with this problem.

FEzercise 1.5.6. Let My, Ms be structures and let A denote the intersection
My N My of their domains.

1. Show that if M; and My have a common extension (i.e., there is N with
M; C N) then A is the domain of a common substructure of M; and My.

2. (to be checked) Show that M; and M; have a common extension iff
Diag((Mi1)a) U Diag((M2)a) U{mi #ma | my € M1\ A, ma € M\ A}
is consistent.

3. (to be checked) Show that if each pair of finitely generated substructures
Ny of My and N5 of Ms have a common extension then also My and M
have a common extension. Q: can we do it with ultraproducts????

Ezercise 1.5.7. Let My, Ms be structures and let A denote the intersection
My N My of their domains.

1. Show that if M; and M> have a common elementary extension (i.e., there
is N with M; < N) then A is an algebraically closed subset of M; and
M.

2. (to be checked) Show that M; and M> have a common elementary exten-
sion iff

A((Ml)A) UA((MQ)A) U {m1 # mo | mi € M1 \A, mo € MQ\A}

is consistent.
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3. (to be checked) Show that M; and M> have a common elementary exten-
sion iff (M1)a = (M) and A is algebraically closed in each M;. Hint:
use 1 and 2.

Ezercise 1.5.8. Prove one can generalize proposition 1.5.4: any collection of pair-
wise elementarily equivalent models can be embedded elementarily in a common
model.

Corollary 1.5.9. Fvery structure elementarily equivalent to a finite structure
18 1somorphic to it.

Proof. Let My, M5 be elementary equivalent structures and suppose M, is finite.
Let N and f; : M; — N as in proposition 1.5.4. Since the embedding f; is
elementary N is finite with the same cardinality as M;. This implies f; is an
isomorphism. Again, since the embedding f5 is elementary M, is finite with the
same cardinality as N. This implies f; is an isomorphism. Now f5 Lo f1is an
isomorphism from M7 to Ms. O

A theory T is said to be closed under substructures if each substructure
of each model of T" is a model of T'. A universal formula is a formula of the form
VT, where ¢ is a quantifier-free formula. The universal formulas are also called
II;-formulas or sometimes V-formulas. One can also define existential formulas
(also Xj-formulas or 3-formulas) as formulas of the form Iz, where ¢ is a
quantifier-free formula. In fact there is a whole hierarchy: II,,;-formulas are of
the form VZp, where ¢ is a ¥, formula and ¥, t-formulas are of the form Iz,
where ¢ is a II,formula. A II,,-formula is of the form Vz73%3 - - - Q%,, where ¢
is quantifier-free. Also the X,,-formulas have n blocs of alternating quantifiers
in this case starting by al existential block.

Let’s see an application of diagrams:

Proposition 1.5.10. A theory is closed under substructures iff it can be ax-
1omatized by a set of universal sentences.

Proof. In order to prove <, it suffices to check the following: If M is a sub-
structure of N, M satisfies each universal sentence true in N. If N | VZp(T)
for some quantifier-free formula (), then for every tuple of elements @ € N,
N = ¢(a). In particular N = (@) for each tuple @ in M. As ¢ is quantifier-free,
M = p(a) for each tuple @ in M and thus M = VZp(Z).

Conversely, assume T is closed under substructures. We are going to prove
that Ty = {p | ¢ is a universal sentence and T |= ¢} is a set of axioms for T,
i.e., Mod(T') = Mod(Ty). We must see Mod(Ty) € Mod(T), the other inclusion
being trivial. Let M be a model of T3,. It suffices to prove that T'U Diag(M)
has a model. This will provide us, by proposition 1.5.2, with a model N of T
and an embedding h : M — N. Since T is closed under substructures h(M) is
a model of T hence also M (as M is isomorphic to h(M). By compactness it is
enough to prove that T'U {¢(@)} has a model for any formula ¢(a) € Diag(M).
If not, for some formula (@) € Diag(M) the theory T U {p(@)} has no models,
where @ is a tuple of constants @ € M and ¢(T) is a quantifier-free formula
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of L. This implies T = —¢(a) and, since the constants @ do not belong to L,
T = VZ—o(Z). This means that the formula YZ—¢(Z) belongs to Ty. But this
is a contradiction, since the M is a model of VZ—p(T) and M = p(a). O

Corollary 1.5.11. A sentence is preserved under substructures iff it is equiv-
alent to an existential sentence.

Proof. If ¢ is preserved under substructures, applying proposition 1.5.10, the
theory {y} has a set ¥ of universal axioms, that is, Mod(X) = Mod(y). By
compactness there are v, ...,%, € X such that {¢1,...,9%,} = ¢. Then ¢ is
equivalent to ¥ A. . .Av,. But a conjunction of existential formulas is equivalent
to an existential formula, by replacing the bound variables is necessary. O

Given an embedding f : M — N we say that f is existentially closed if
the embedding preserve all existential formulas. More precisely, if (1.2.3) holds
for all existential formulas. In fact is suffices that for any existential formula
»(T) and any tuple @ € M, if N |= p(ha) then M = ¢(a@). This is equivalent to
preserve universal formulas in the sense of (1.2.3) (and equivalent also to: the
universal formulas transfer from M to N). We will denote it by f: M —; N
to suggest f preserves formulas with one block of quantifiers. When M is a
substructure of N one says M is existentially closed in N when the identity
Idy; : M — N is an existially closed embedding. This will be denoted by
M =<1 N.

Lemma 1.5.12. Let M C N. Then M is existentially closed in N iff there is
an extension M' of N with M < M'.

Proof. Assume M is existentially closed in N. By proposition 1.5.2, a model of
A(M) U Diag(N) consists of an L-structure M* and embeddings f : M — M*
and g : N — M* with f elementary. Observe that g extends f, as we are
assuming L(M) C L(N), i.e., we use the same constants to denote an individual
of M in A(M) and in Diag(N). By proposition 1.2.3 there is an extension M’
of N and an isomorphism h : M’ — M* extending g. Then M =< M’, since
Idyy = h~tof: M — M’ is the composition of two elementary embeddings.
This shows it is enough then to prove that A(M) U Diag(N) has a model, or
equivalently, by compactness, that A(M) U {4} has a model for each formula
@ € Diag(N). Separating the constants from M than those of N \ M, ¢ is
of the form ¢(a@,b) for some quantifier-free L-formula ¢(%,7) and tuples @ €
M, b e N\ M with N = ¢(a@,b). Since M is existentially closed in N and
N E Jye(a,y) we get M | Jgp(a,y). Let ¢ a tuple of elements in M such
that M = o(a,c). This implies that M”, the expansion of My to L(Mb) by
interpreting the tuple of constants b as the elements ¢ is a model of ¢ = (@, b).
Hence M" is a model of A(M) U {¢}. O

Exercise 1.5.13. Prove that an embedding f from M to N is existentially closed
iff there are embeddings ¢ : M — M’ and h : N — M’, g elementary and

g=holf.
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A theory T is closed under unions of chains if any union of models of
T is also a model of T.

Theorem 1.5.14 (Chang-Los-Suzsko). A theory T is closed under unions of
chains iff T can be axiomatized by V3-sentences.

Proof. We let the reader check that any V3-sentence is preserved under unions of
chains. This gives the easy part of the proof. To prove the converse, assume T is
preserved under unions of chains. Wa are going to see that Mod(T") = Mod(Tv3),
where Ty3 denotes the set of V3-consequences of T'.

Claim Assume M is a model of Ty3. Then there is some N model of T such
that M <; N.

Proof. Denote by A1 (M) the V-theory of My, i.e., the set of all V-sentences
in L(M) true in My,. We first show that Ay(M) U T is consistent. By
compactness it suffices to show VZy(z,a) U T is consistent, where My, =
VZY(T,a) and ¢(T,7) is quantifier-free. Otherwise T' = —VZy (7, @) and thus
T = Vy3dz—(T,y). This implies VyIz—)(Z,7) € Tys and thus VyIz—)(T,7) is
true in M, a contradiction to My, | VZY(T, a). This ends the proof of the
claim.

Let M be a models of Ty, we must show M is also a model of T. We will
build a chain of structures (M,, | n € w) starting with My = M. By the claim,
there is M7 € Mod(T') extending My with My <1 M;. By Lemma 1.5.12 there
is some extension My of My with My < M,. As Ms is also a model of Ty3
by the claim again we obtain M3 € Mod(T) extending My with My <1 Ms.
Again, by Lemma 1.5.12 there is some extension My of M3 with My < My.
Repeating this construction w times obtain a chain (M, | n € w) in such a way
that M2i+1 S MOd(T) and My <X My <X My < ---My; = MQZ‘J’_Q"'. As T is
closed under unions of chains (J;c,, Mai11 is a model of . As (My; | n € w) is
an elementary chain M < J,c,, M2; = U, ¢, M2i+1 thus M is a model of . [
Ezxample 1.5.15. Very often, nice mathematica theories are axiomatized with
V3-axioms: groups, rings, fields, algebraically closed fields, DLO. ..

Corollary 1.5.16. A sentence is preserved under unions of chains iff it is
equivalent to a Y3-sentence.

Proof. The same proof as corollary 1.5.11 using theorem 1.5.14 and the fact
that a conjunction of V3-formulas is equivalent to a V3-formula. O

Ezercise 1.5.17. In this exercise we will prove another preservation theorem: a
characterization of theories preserved under extension. By this we mean that
any extension of any model of the theory is also a model of the theory. As usual,
T35 denotes the set of all existential sentences which are logical consequences of
T. For an structure M, Thy(M) denotes all the universal sentences true in M.

1. Prove that any existential sentence is preserved under extensions.

2. If M is a model of T3 then Thy(M) U T is consistent.
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3. If N is a model of Thy(M) then there is some N’ extending N such that
M=N'.

4. Deduce from 2. and 3. that Mod(73) is the class of all structures elemen-
tarily equivalent to some extension of a model of T

5. Deduce from 1. and 4. that T is preserved under extensions iff T is
axiomatized by a set of existential sentences.

6. Deduce from 5. that a sentence is preserved under extensions iff it is
equivalent to an existential sentences.

Ezercise 1.5.18. Prove the following:

1. Mod(Ty) ={M | M C N for some M € Mod(T)} =
={M|f: M — N for some M € mod (T)}

2. Mod(Ty3) ={M | M =1 N for some M € Mod(T)} =
={M | f: M —; N for some M € Mod(T)}

Ezercise 1.5.19. Prove the converse of exercise 1.4.7. Use diagrams and exercise
1.2.9.

Ezercise 1.5.20. Let M be a given L-structure and T be a theory in the language
L. Show that if for any finitely generated substructure M’ of M there is an
embedding of M’ into a model of T then there is an embedding of M into a
model of T'. Hint: use diagrams and compactness.

Exercise 1.5.21. An Ordered Abelian Group is an Abelian Group together a
linear order < compatible with the group structure, i.e., satisfying VaVyVz(x <
y > x+y < y+z). We assume the natural language for these structures:
L={+,-,0,<}.

1. Show that an Ordered Abelian Group is torsion free.

2. Show that an Abelian Group can be ordered (in a compatible way) if
any finitely generated subgroup can be ordered. Hint: Use that Ordered
Abelian Group have universal axioms and exercise 1.5.20.

3. Prove that any torsion-free Abelian group can be turned into an Ordered
Abelian Group . Hint: use that any finitely generatedAbelian group is a
finite product (the direct sum of finitely many) cyclic groups.

Ezercise 1.5.22. Let K be a class of structures in a given language closed under
isomorphism. Show that:

1. K is axiomatizable by universal sentences (i.e., K = Mod(X) for some set
Y of universal sentences) iff K is closed under substructures and ultra-
products.

2. K is axiomatizable by existential sentences (i.e., K = Mod(X) for some
set ¥ of existential sentences) iff K is closed under ultraproducts and the
complement is closed under substructures and ultrapowers.



Chapter 2

Types and Saturation

2.1 Types

Here we will consider again expansions of the language by adding new constants.
Let M be a structure and A be a subset of the domain of M. We will denote by
L(A) the set of formulas of expansion of L consisting in adding a new constant
for each element of A. There is no harm on taking the same elements of A as
new constants. Then M expands in a natural way to an L(A)-structure denoted
by M 4. Such an A is usually called a set of parameters. The formulas of L(A)
are called formulas with parameters in A.

Until now we have considered languages with a countable amount of vari-
ables. Here we will broaden the language by adding an arbitrary amount of new
variables. This set of variables will be considered as a sequence (x; | i € I)
indexed in an a given set I, very often a cardinal number. This sequence
(x; | i € I) will be denoted by T and we will call it a tuple of variables.

The cardinality of this language including the variables T is |L| + |Z| instead
of |L| + Xg. Here T denotes the number of variables. Moreover, if A is a set
of parameters of a model M, the number of formulas in this languages with
parameters from A is |L| + [Z] 4 |A|.

We will denote by Lz(A) the set of formulas with parameters in A and free
variables in Z. If ¢ € Lz(A) we put ¢ = ¢(Z) to emphasize that the formula ¢
has its free variables among those of Z. Obviously ¢ uses only a finite number
of those variables. If we have a set 1 C Lz(A) obviously the free variables of
each formula of 7 are among those of the tuple Z, and we will write 7 = 7(T)
to emphasize it.

Definition 2.1.1. Let m# C Lz(A), where A is a set of parameters from M. A
realization of min M is a tuple @ = (a; | i € I) of elements of M satisfying all
the formulas of 7, denoted by M4 = w(@). This means that for each formula
»(T) € m it holds My = p(@). A set m which has a realization in M is called
realized in M, otherwise is called omitted in M. A set 7 is called finitely
satisfiable in M if each finite subset of 7 has a realization in M. A type of

22
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M over A is a subset of Lz(A) finitely satisfiable in M,.

When we say 7 is a type over A we assume there is some set of variables
and a set of parameters A in some model M and 7w C Lz(A).

When Z has length n a type (of M over A) with this free variables is called an
n-types (of M over A). When we speak about n-types, a fixed set of n variable
is presupposed. In this sense L, (A) is used to indicate Lz(A) for some tuple T
of n variables. As a matter of fact the name of the variables is irrelevant, what
really counts is the number of variables in 7.

Example 2.1.2. We first provide examples of types without parameters.

1. Let now L = {+, 0} the language of groups(one of the possible languages).
Let w(z) = {Jy(x =ny) | n > 0}. This is a 1-type over 0 of (Z,+,0) non
realized. Tt is realized in (Q,+,0).

2. Let now L = {+, 0} the language of groups (one of the possible languages).
Let w(z) = {nz # 0| n > 0}. This is a 1-type over § realized in (Q,+).
It is also a non-realized a 1-type of (u,-). Here (u,-) denotes the set of
complex roots of unity with multiplication,i.e. u = {e“i’” |re Q}.

3. In the language of graphs (containing a single binary relation R) let 7(z, y)
denote the following set of formulas:

{z #y,~R(z,y)}U{-321 - Fzn (R(w, 21) A R(z1,22) A= A R(zn,9)) | n > 1}

In any non-connected graph 7 is a realized 2-type over the empty set. In
the graph with domain Z and R(z,y) is interpreted as |z —y| =1, 7w is a
non-realized type. In fact 7 is omitted in the graph M iff M is connected.

4. In the language of order, let T = (z,, | n € N) and let 7(Z) be the following
set of formulas:
{.’EQ > T1,T1 > To, T2 > 1'3,...}.

In any infinite linearly ordered set 7 is a type. It is omitted in M iff M
is well-ordered.

Now we provide examples of types with parameters:

1. Let M = (Q, <) be the rationals with the usual order. The following is a
1-type of M over Q:

{x>r|TEQ,T<\/§}U{x<r|r€Q,r>\/§}

This type is realized in (R, <) (an elementary extension of (Q, <) as we
will see later) and omitted (not realized) in (Q, <).

If N is an elementary extension of M (M < Nbut in symbols), any subset A
of M is also a subset of N and we can also speak about types of NV over A. As
a matter of fact there is no difference between type of M and types of N over
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A provided A is a subset of M. Any realization in M of an type over A is also
a realization in IV of the same type because the extension is elementary. Hence
every type of M over A is a type of N over A. Conversely if 7(T) is a type of N
over A, for each finite subset mo(Z) of 7, as Na = IT (A 70(Z)) and M < N we
have that M4 = 3% (A\ 70(T)) and therefore 7 is also finitely satisfiable in M.
When considering elementary extensions we may omit the superscript.

Proposition 2.1.3. Let AC M and w C Lz(A). The following are equivalent:
1. w is a type of M.
2. m(T) UTh M4 is consistent.
3. w(T) UA(M) is consistent.
4. There is an elementary extension of M realizing .

Proof. 1=-2. Each finite subset of 7(Z) U Th M4 is a subset of my(Z) U Th M4
for some finite subset 7y(Z) of m(Z), thus satisfiable in M. By compactness
7(ZT) U Th M4 is satisfiable.

2=3. By compactness we have to show that (%) U ¢(@,b) is satisfiable,
where ¢(@,b) € A(M) and @ denotes the parameters of ¢ contained in A and b
denotes the parameters not contained in A. As b has nothing in common with
7, the satisfiability of m(Z) U ¢(a@,b) is equivalent to that of 7(%) U Jyp(a, 7).
Since Jyp(a,y) € Th M4 the consistency of this set is ensured by hypothesis.

3=/4. Let (N, ha),en be amodel of A(M) and let b be a tuple of N such that
(N,ha)aenrr = 7(b). If @ is an enumeration of M, we can write 7(Z) = (%, @).
By lemma 1.5.2 and exercise 1.2.9 there is some M’ = M and A’ O h such
that b’ is an isomorphism from M’ to N. Now (N, ha).err = 7(b,@) implies
N |= n(b, ha) whence, since h’'~! is an isomorphism M’ |= 7(h'~'b,@). Thus
h'~1b is a realization of 7(%) in M'.

4=-1. 7 is a type of some elementary extension of M hence a type of M. [

Definition 2.1.4. A type 7(T) of M over A is said to be complete if for each
formula ¢ € Lz(A) we have that either ¢ € m or ¢ € 7.

Facts 2.1.5. Let p(T) be a complete type of M over A. Then
1. If 1 C Lz(A) and w U p is consistent, then = C p.
2. Th(My) C p.

3. p is closed under consequence. That is, if ¢ € Lz(A) and p = ¢ then
pEeDP.
4. For all formulas p1,...,0n € Lz(A), 01 A - A, € p iff each ¢; € p.

In particular p is closed under conjunction.

5. For all formulas ¢1,...,0n € Lz(A), 01V -V, €p iff p; € p for some
i=1...n.
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6. If p(y,Z) € p then I2p(y,Z) € p. Herey and Z are assumed to be subtuples
of T.

Proof. 1. Otherwise there is some formula ¢ € 7\ p. Then —¢ € p, a contra-
diction to the consistency of 7 U p.

2. By proposition 2.1.3 and 1.

3. If p = o, then pU ¢ is consistent. By 1. ¢ € p.

4. Tt follows by 2. and {¢1,...,ont E @1 A Appand o1 A~ Apn E @i

5. If for some i ¢; € p then p = o1 V-V ¢,. Conversely, if ¢; ¢ p for
i=1...n then ~p; € pfori=1...n and thus p = =(p1 V-V ¢,). Hence
=(p1 V- Vp,) €pand thus o1 V-V, &p.

6. Let @ be a realization of p(Z) is some elementary extension N of M.
Then N k= p(a) in particular N = ¢(b,¢) and N = Jzp(b, z), where b, ¢ are the
subtuples of @ corresponding to the subtuples ¥ and Z of T respectively. This
implies p U 3Zp(7y,Z) is consistent, as @ realizes all these formulas in N. By 2.
it follows 3z (7, z) € p. O

Definition 2.1.6. Let @ is a tuple of elements of M and A a subset of M. We
fix a tuple T of variables of the same length as @. The type of @ over A in
M, denoted by tpM (@/A), is the following set of formulas:

{v(@) € La(A) | Ma |= ¢(@)} -

Observe that tp™ (@/A) is a complete type (of M over A) with free variables 7.
Of course, although not explicit in the notation tp* (@/A), this depends on the
choice of Z, but is ‘unique up to replacement of variables’. Moreover, if M < N
and @ € M then tpM(a/A) = tp" (a/A). Hence when playing with elementary
extensions, we can omit the superscript.

Facts 2.1.7. 1. Any type can be completed: given a type m C Lz(A) there is
some complete type p (of M over A) with © C p.

2. If p(T) is a complete type of M over A and @ is a tuple is M, then:
@ realizes p iff p = tp™ (@/A).

Proof. 1. Let, by proposition 2.1.3, @ be a realization of 7 in an elementary
extension N of M. Then tp"(a@/A) is a complete type of N, hence of M,
extending . O

The set of all complete types of M over A with free variables T is denoted
by SM(A). Observe that if N is an elementary extension of M then S (A) =
SN (A). Moreover,

|S£/I(A)| < 2|L\+|A|+|E|+No.

This is an immediate consequence of the following inequality:

[ Lz(A)] < |L] + [A] + [Z] + Ro.
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If T and ¥ are tuples of the same cardinality, a bijection from T to ¥ extends
to a bijection between Lz(A) and Ly(A) and thus also to S3'(A) and S} (A).
These spaces of complete types will be topologized later. This bijection turns
out to be a homeomorphism between the spaces SM (A) and SyM (A). This shows
that what really matters is the number of free variables. When Z has n variables
and we do not want to put any emphasis in the name of the variables it is usually
denoted by SM(A). One could also use the notation SM(A) to denote the set
of complete types over A with x free variables for any infinite cardinal &.

Obviously always
1Al < |S31(A)],

since the types tp™(a/A) for a € A provides a collection of |A| types: for
a,b € A, with a # b, tp™(a/A) # tpM(b/A) since the first one contains the
formula x = a while the second contains = # a.

Usually |A| > |L| + Xg. In this case the above inequalities becomes more

compact:
Al < ]Sy (A)] <2141,

The following examples show that these extreme values occur in practice.

Ezample 2.1.8. 1. Let T the theory of an infinite set. Let M be infinite and
A C M also infinite. Let us see that ‘S,J;/[(A)‘ = |A|]. Apart from the
types tpM(a/A) for a € M there is only one extra type: tp™(b/A) for
some elementary extension N of M and b € N\ A. Since any permutation
of N is an automorphism, all elements of N \ A have the same type over
A: give a,b € N\ A there is a permutation fixing A pointwise and sending
a to b this implies that a and b must have the same type over A.

2. Let Tranp denote the theory of the random graph. This theory is in
the language of a single binary relation R and expressing that (M, RM) is
a graph (i.e.,R is irreflexive and symmetric) with the following property:
given two finite and disjoint subsets A, B of M, there is ¢ € M such that
(c,a) € RM for each a € A and (c,b) ¢ RM for each b € B. Let us see
that (V,,, €) is a model of Tranp, where V,, denotes the w step in the
construction of the Von-Neumann Universe and € denotes the simetrized
of the membership relation: a €b iff a € b or b € a. Given finite disjoint
subset X,Y of V,, there are infinitely many finite subset Z of V,, with
X C Zand ZNY = (. Choosing one of those Z such that Z ¢ UY
(which exists because UY is finite) we are done, since then z € Z for each
ze€Xandy¢ Z, Z ¢y for each y € Y. Since Z is finite, Z € V,,. Let’s
check now that given any model M of Tranp and any infinite subset
ACM. |S{VI(A)’ = 241, Given any subset B C A, consider the partial
type mp(z) = {xRb|be€ B} U{—-zRa|a € A\ B}. This is a type of M
because M is a model of Tranp. Let pp(x) € SM(A) be a completion of
mp(z) for each B. If B, B’ are two different subsets of A then some formula
x = a belongs to one of them and the negation —x = a belongs to the other
(choose a is the symmetric difference). This implies pp # pp and thus
we have an injection from P(A) to S{7(A) showing that [S}M(A)| = 2141,
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Ezercise 2.1.9. Let M be any model. Let M = (m; | ¢« € I) be an injective
enumeration of M (that is, the map from I to M is bijective). Let p(T) =
tp™ (m/0), where T = (x; | i € I) is a tuple of variable of the same length as
m. Show that a tuple @ is a realization of p(Z) in N iff the map M — N given
by m; — a; is an elementary embedding. In general enumerations need not be
injective, surjectivity is enough. Show that all works also in this case.

Ezercise 2.1.10. Show that a type of M over A is complete iff it is a maximal
(by inclusion) in the set of all types of M over A with the same free variables.
More precisely p € SM(A) iff it is maximal among subset of Lz(A) consistent
with Th(My).

FExercise 2.1.11. Let M be a structure.

1. Let A C M be a set of parameters and let @ = (a; | ¢ € I) be an enumer-
ation of A. Let § = (y; | i € I) be a set of variables of the same length as
a. Let q(y) = tp™(@/0). Given p(z,a) € SM(A) let p(7,7) the result of
replacing each parameter a; by y; in all formulas.

(a) Show that the map SM(A) — ngy given by this replacement p(z, @) —

p(T,7) is a bijection from SY (A) onto [¢(7)] = {p € S | ¢ € p}.

(b) Let b denote another realization of ¢(Z) in some structure N, and
denote B = {b; | i € I'}. Show that the map SM(A) — S¥(B) given
by p(Z, @) — p(Z,b) is a bijection.

2. Let Now NN be a structure realizing any ¢q € Sg . Next Lemma 2.1.12 show

that such N exists. For each g € SgM , let @ be a realization of ¢(g) in N
and denote A, = {a, | i € I}. Show that

|S£j[§| = Z }Sg(Aq”-

M
qe Sg

Now we will see that we can realize any set of types of M in a suitable
elementary extension of M. Any type over a set A C M is also a type over
M. Same wise, any type 7(g) for a certain subtuple 7 of T can be considered
an type with variables in Z. For this reason we can consider all types with the
same tuple of free variables.

Lemma 2.1.12. Let M be an L-structure and P a set of types of M over M
with free variables in T. Then there is an elementary extension of M of cardinal
at most |M| + |L| + |P| + |Z| + No realizing all the type of P.

Proof. For each type 7 of P take ¢; an I-tuple of new and different (between
them and from those denoting the elements of M) constants. Denote by 7(c;)
the result of substituting the free variable of 7 for the constants of ¢,. We
consider now the set of formulas

S =AM)U | n(e).

TeP
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As the types are finitely satisfiable in M}, every finite part of X is satisfied
in a suitable expansion of Mj;. By compactness and downwards Lowenheim-
Skolem, ¥ has a model of cardinal at most |M| + |L| + |P| + |Z|] + No. This
model will be of the form (N, ha,@N),,,eM, ~ep where h : M — N denotes the
interpretation of the constants of M. By proposition 1.5.2 h is an elementary
embedding from M into N. Using exercise 1.2.9 there exists M’ = M and an
isomorphism h’' : M’ — N that extends h. We finally verify, for every = € P,
that h'~1(c;V) realizes m in M'. If o(%,a) € 7 then, as (N, ha,@N)aeM, neP
is a model of ¥, (N, ha)een = ©(@Y, @), that is, N = @(c:Y, ha). As b/ is an
isomorphism extending h we have M’ = o(h'~ (cz™), @). O

2.2 Saturation

Definition 2.2.1. Let M a L-structure and x an infinite cardinal. The structure
M is said to be k-saturated if for each subset A C M of cardinal less than x,
M realizes any 1-type of M over A.

Since one can extend every type to a complete type, it is enough to check
the realization of complete 1-types.

Facts 2.2.2. 1. FEwvery finite structure is k-saturated for any cardinal k.
2. If M is infinite and k-saturated then |M| > k.

8. If M is k-saturated and N is the restriction of M to a smaller language
then N is k-saturated.

4. If M is k-saturated and A C M with |A| < k then M4 is k-saturated.

Proof. 1. Since any type of M is realized in an elementary extension it is realized
in the same M.

2. Otherwise the type { # a | a € M} is over a set of less than x parameters
and it is not realized in M.

3. Obvious.

4. Any type of M4 over B is a type of M over AB. O

By facts 3. and 4. above, when |A| < k M is s-saturated iff My is k-
saturated.

By fact 2 above the maximum degree of saturation that an infinite structure
M can have is | M |-saturation. This makes a sense in the following definition:

Definition 2.2.3. A model M is called saturated if it is |M|-saturated.

Theorem 2.2.4. Let M be a structure and k be an infinite cardinal. Then there
is a kT -saturated elementary extension of M of cardinal at most 271 |M|".

Proof. We may assume the structure M infinite. Then M has |[M|" subsets A
of cardinal at most x. Moreover, for each one of these subsets A we have that
‘S{w (A)‘ < 2IE14% . By lemma 2.1.12 there is an elementary extension M; of M
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of cardinal at most 2/%/ |M|" realizing all 1-types of M over a set of at most
k parameters from M. Applying again lemma 2.1.12 to M; we obtain M, an
elementary extension of M; of cardinality at most 2/*! (2141 |M]%)" = 2121 | a7]*
that realizes all 1-types of M; over a set of at most x parameters from M;.
Iterating this procedure we construct a continuous chain (M, | a < k) with
My = M and where M, is an elementary extension of M, of cardinal at most
2IL| |[M|" that realizes all the types of M, over a set of at most x parameters
from M,,. Using exercise 1.4.5 the chain is elementary and, by the lemma of the
chain 1.4.4, M is an elementary substructure of the union of the chain N. By
regularity of kT N is kT-saturated and its cardinality is at most 2!Z! IM|*. O

Usually & > |L|. Then the cardinal of the extension provided by Theorem
2.2.4 is limited by |M|". If moreover k > |M| the upper bound of the cardinal
of the extension becomes 2¥. Hence if 2® = k' any theory in a language with
|L| < k has saturated models of size k.

remark 2.2.5. If 2¢ = k™ > |L| then any theory has a saturated model of
cardinality 7.

However if 2% > x* > |L| in some theories there are not saturated models of
cardinality k™. For instance, in Tranp. If M is a model of Tran p of cardinality
kT, pick a subset A of M of cardinality x. Observe the two different complete
types cannot have a common realization: if a € M realizes p and p € |S}M(A)
then p = tp™(a/A). Since |S{(A)| = 2% and |M| < 2%, M cannot realize all
types in SM(A).

Ezercise 2.2.6. Prove that every structure M has an w-saturated elementary
extension of cardinality at most 2/X17%0 |M/].

Ezercise 2.2.7. Assume that x > |L| + Xy and x* = & for each p < k (in
particular if k is an strongly inaccessible cardinal). Prove that every structure
M with |M| < & has a saturated elementary extension of cardinality &.

2.3 Partial elementary maps

In this section we will consider partial maps from M to N. A partial map
f: M — N is an map that goes from a subset of M to N. Observe that an
injective partial map from M to N is a bijection between subset of M and N
respectively.

Definition 2.3.1. A partial map f: M — N is elementary if for every finite
tuple @ of the domain of f and every ¢(T) € L we have

M E @) if N £ o(fa).

Equivalently, for every (finite) tuple @ of the domain of f we have that @ and fa
have the same type over the empty set (in symbols: tp? (a) = tp™¥(fa)). If @ is
an enumeration of the domain of £, it is also equivalent to tp™ (@) = tp™ (fa).
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Observe that every partial elementary map is injective and its inverse is also
elementary. If there is a partial elementary map between M and N then M and
N have to be elementarily equivalent. In this sense it is useful to think that
when M and N elementarily equivalent the empty map (between M and N) is
elementary.

The following is easy but important: it will be used several times later.

Example 2.3.2. 1. Any elementary embedding h : M — N is a partial ele-
mentary map.

2. Any subset of a partial elementary map is also a partial elementary map.

3. Let M = (Z,s), where s denotes the successor function. The following
partial maps {(n,m)}, {(n1,n1+m),..., (ng,ng +m)} are elementary
because they are subsets of an automorphism of M. But {(1,8),(3,5)} is
not a partial elementary map: M =3 = s(s(1)) but M = 5 = s(s(8)). In
other words, y = ss(z) € p(z,y) = tpM((1,3)) while y = ss(z) & p(z,y) =
tpM((8,5)). In this example, the partial elementary maps are the partial
maps that preserve the ‘distance’(the distance between n and m is number
of times you must apply s to n to obtain m, possibly a negative number).

Exercise 2.3.3. Let A C M, let @,b be tuples (of the same length) of M and let
¢ be an enumeration of A. Show that the following are equivalent:

1. tpM(a/A) = tpM (b/A).
2. tpM(ac/0) = tp™ (be/0).
3. id4 U (a@,b) is an elementary map.

Ezercise 2.3.4. Prove that (N, ha)ac4 is a model of Th(My) iff the partial map
(with domain A) h: M — N is elementary. Hence, a model of Th(M,4) consist
on a structure N together with an elementary partial map h : M — N with
domain A.

Definition 2.3.5. Suppose that f is a partial elementary map from M to N
and 7 is a type of M over dom f. The conjugate of m by f, denoted by 7/, is
defined as

{e@, fa) | p(z,a) e 7} .
Obviously, if 7 is over A C dom(f) then 7/ is over f(A) C Im(f).
Lemma 2.3.6. Let f a partial elementary map from M to N.
1. If  is a type of M over dom f then nf is a type of N over Im f.

2. Ifa is a tuple of dom f and A C dom f then fa realizes tp/ (@/A). Equiv-
alently tp(fa/ f(A)) = tp (a/A).

3. Let @, b be tuples of the same length of M and N respectively. If b realizes
tp/ (a/ dom f) then fU{(@,b)} is elementary.
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Proof. 1. Observe that 7/ is a set of formulas with parameters in Im f with the
same variables as 7. A finite subset of 7w/ is of the form

{@1(57 fa)v e 'a@n(f’ fa)}a

where ¢;(Z,@) € m for each i. As 7 is a type of M, M =3z \,_, , vi(T,a).
Since f is elementary N = 3T \,_, , ¢i(T, fa) and therefore 7! is finitely
satisfiable in N.

2. A formula in tp/(@/A) is of the form o(Z, fb) for some ¢ (7, b) € tp(a/A),
where ¢(7,7) an L-formula and b is a tuple in dom(f). If p(,b) € tp(a/A)
then M = (@, b) and, as f is elementary, N |= o(fa, fb).

3. We have to show that for every tuple ¢ of the domain of f and every
formula »(z,7) € L, M = ¢(a,c) iff N E ¢(b, fe). In fact one of these
two implications suffice. If M = ¢(@,¢) then ¢(%,¢) € tp(a/dom f) and thus
©(Z, fe) € tp/(@/ dom f). Since b realizes tp/(a/dom f) we get N = ©(b, f¢).

U

Observe that in point 3. of Lemma 2.3.6, by point 2., the converse also
holds. Obviously the conjugate by an elementary map of a complete type is
also a complete type. Therefore, if A C dom(f), conjugation by f is a bijection
between SM (A) and S (f(A)). In fact this bijection will be a homeomorphism
of topological spaces.

Ezercise 2.3.7. Here we will see that partial elementary maps can always be
amalgamated is the following sense. Assume that for each i € I, f; : My — M;
are partial elementary maps. Show that there is N and partial elementary maps
gi + M; — N such that g; o f; makes sense and g; o f; = g; o f;. Let @ be an
enumeration of (1), dom(f;) and T a tuple of variable of the same length. Let
p(Z) denote tp™°(@). For each i let b; be an enumeration of dom(f;)\ (), dom(f;)
and 7; a tuple of variables of the same length. Let ¢;(%,%;) denote tp™°(a,b;).
Show that |, ¢:(T,¥;) is consistent. Here we assume all variables ; are distinct.
Show that, if a ¢, (¢; | ¢ € I) is realization of | J, ¢;(Z, ;) in N the maps f; which
send g¢;(@), g;(b;) to €, provide a solution.

2.4 More about saturation

The following shows that a complete theory has at most one saturated model
in each cardinality.

Theorem 2.4.1. Two saturated models of the same cardinality and elementarily
equivalent are isomorphic.

Proof. Suppose that M, N are elementarily equivalent and saturated models,
both of cardinal A. Let (a; | # € A) and (b; | ¢ € A) be enumerations of M
and N respectively. We will construct a chain (f; | i € \) of partial elementary
maps with a; € dom f; 11 and b; € Im f; 1 and |f;] < k. The union of the chain
will be the searched isomorphism. We start with fo = @ the empty map and
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in the limits we take unions. In order to construct f;y; we take, because of
saturation, a realization c of tp/i(a;/dom f;). By lemma 2.3.6 f' = f U{(a;,c)}
is elementary. Now we take a realization d of tp/’ (b;/Im(f")). By 2.3.6 again,
fiv1 = fiU{(as,¢),(d,b;)} is elementary. Obviously |fir1| < |fil +2<k. O

This proof in fact shows that if M and N are saturated and of the same
cardinality, every partial elementary map of cardinal smaller than |M| = |N|
from M to N extends to an isomorphism between M and N. In particular:

Corollary 2.4.2. If M is saturated then every partial elementary map from M
to M of cardinal less than |M| extends to an automorphism of M.

The set of automorphisms of M which are the identity on A (A a subset of
M) is usually denoted by Aut(M/A) and is a group by composition. There is a
natural action of Aut(M/A) on M (or on M? for any I) by putting g-@ := g(a).
Assume now that |A| < [M| and let @, b be tuples in M of (the same) length
< |M|. By the homomorphism theorem 1.2.4, if @ and b lie in the same orbit of
the action of Aut(M/A) obviously tp(a/A) = tp(b/A). Conversely, if @, b have
the same type over A, then ida U (a@,b) is an elementary map of size < |M|. By
corollary 2.4.2 there is an automorphism f of M extending id4 U (a@,b). Hence
@ and b lie in the same orbit of the action of Aut(M/A). Thus for saturated
models M and small A, A-orbits correspond to A-types. This holds in fact for
any strongly homogeneous M (by definition: each elementary map of size
< | M| extends to an automorphism of M). Corollary 2.4.2 says that saturated
models are strongly homogeneous.

Definition 2.4.3. A structure M is k-homogeneous if given a partial ele-
mentary map f : M — M of cardinal < k and an element a of M there is an
extension of f to a partial elementary map from M to M with a in the domain.
This is equivalent to the existence of an element b in M such that fU {(a,b)}
is elementary.

The following exercise is a characterization of k-saturation in terms of ex-
tensions of elementary maps.

Ezercise 2.4.4. 1. Prove that M is k-saturated iff given a partial elementary
map f : N — M of cardinal < x and an element a of N there is an
extension of f to a partial elementary map from N to M with a in the
domain. Equivalently, given a partial elementary map f : N — M of
cardinal < k and an element a € N there exists an element b in M such
that f U {(a,b)} is elementary from N to M.

2. Conclude that every k-saturated model is k-homogeneous.

The following shows that we can improve the extensibility of elementary
maps in saturated models:

Proposition 2.4.5. Let M be k-saturated and let f : N — M be a partial
elementary map with |f| < k. Let B be a subset of N of cardinality at most
k. Then There is a partial elementary map g : N — M, extending f with
B C dom(g).
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Proof. Let (b; | i € k) be an enumeration of B. We construct a chain (f; | i € A)
of partial elementary maps with b; € dom f;+; and |f;] < k. The union of
the chain will be the desired elementary map. We start with f, = f and
in the limits we take unions. In order to construct f;11 we take, because of
saturation, a realization c of tpfi (b;/ dom f;). By lemma 2.3.6 fi 11 = fU{(as,c)}
is elementary. Obviously |fi+1| < |fi]l +1 < &. O

Corollary 2.4.6. Let M, N be elementarily equivalent structures, where N
18 Kk-saturated and M is of cardinal at most k. Then there is an elementary
embedding from M to N.

Proof. Apply proposition 2.4.5 to the empty map with B = N. O

It is usual to say that M is k-universal when for every N of cardinal less
than « and elementarily equivalent to M there is elementary embedding of N
into M. With this terminology, proposition 2.4.7 can be stated as follows: every
k-saturated model is k*-universal.

The next result shows that we could have replaced 1-types by k-types in the
definition of k-saturation.

Proposition 2.4.7. Let M be k-saturated. Then M realizes every type of M
over any sets of parameters of cardinal less than k with at most k variables.

Proof. We assume the type is complete. Let p € SM(A), where |A| < k and
|Z| < k. Let b € N be a realization of p(Z) in an elementary extension N of
M. Applying proposition 2.4.5 to the elementary map Ids : N — M and B =
{b; | i € I} we get some elementary g with Id4 C ¢ and {b; | i € I'} C dom(g).
Now, by lemma 2.3.6, gb realizes p? = p in M. U

FEzercise 2.4.8. 1. Assume M and N are k-saturated. Let A C M and BC N
such that |A| +|B| < k and f : M — N a partial elementary map with
|f| < k. Show that there is a partial elementary map g : M — N extending
f with A C dom(f) and B C Im(g). Hint: pick enumerations (a, | @ € k)
and (b | & € ) of (aq | @ € k) A and B respectively and build a chain
of extensions (fy | @ € k) of f with a, € dom(fay1) and by € Im(faiy1)
and proceed as in the proof of Theorem 2.4.1.

2. obtain Theorem 2.4.1 from 1.

3. obtain Corollary 2.4.2 from 1.

Ezercise 2.4.9. M is said to be strongly x-homogeneous if any partial ele-
mentary map f: M — M with |f| < k can be extended to an automorphism of
M.

1. Assume M is k-homogeneous. Let A, B C M such that |A| + |B| < k
and f: M — M a partial elementary map with |f| < k. Show that there
is a partial elementary map g : M — M extending f with A C dom(f)
and B C Im(g). Hint: pick enumerations (a, | & € k) and (b, | & € K)
of (ao | @ € k) A and B respectively and build a chain of extensions
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(fo | @ € k) of f with a, € dom(fq+41) and b, € Im(f4+1) and proceed as
in the proof of Theorem 2.4.1.

2. Show that strongly x-homogeneous implies x-homogeneous. The converse
is not true in general. However:

3. Show that |M|-homogeneous implies |M |-strongly homogeneous. Hint:
use 1.

Ezercise 2.4.10. 1. Let @ = (a; | ¢ € I) be an enumeration of M. Let
7(Z) = atp™ (@) be the atomic type of @, where T = (z; | i € I) is a tuple
of variables. Show that a tuple b = (b; | i € I) in a structure N realizes
m(Z) iff the map from M to N given by a; — b; is an embedding.

2. Let N be an |M]|-saturated L-structure. Show that if for each finitely
generated substructure M’ of M there is an embedding of M’ into N then
there is an embedding of M into N.

We know that a x-saturated models is xk-homogeneous and ™ -universal. In
the next theorem we will see that the converse also holds in a strong form: It is
enough (|L| + Ng) " -universality plus k-homogeneity.

Theorem 2.4.11. Let M be a model and k > |L| + Rg. The following are
equivalent:

1. M is k-saturated.
2. M is k-homogeneous and (|L| + No) T -universal.
3. M is k-homogeneous and realizes all types in SM(0) for each finite n.

Proof. 1. implies 2. is in exercise 2.4.4 and corollary 2.4.6.

2. implies 8. Let p € SM(()). Let, by Lowenheim-Skolem, M’ < M with
|M'| < |L|+ R and let @ be a realization of p(Z) in an elementary extension N
of M’ with |N| < |L| + Rg. By (|L] + Ro)T-universality there is an elementary
embedding f : N — M. Now, by Lemma 2.3.6, fa realizes p/ (z) = p(Z) in M.

3. implies 1. Assume M is x-homogeneous and realizes all types (of M)
in finitely many variables (over the empty set). We first show that M realizes
all types in at most x variables over empty. This will be done by induction on
A, the number of variables. Let p(z) € S (0), where T = (2, | @ € \) and
A < k. We will build, by induction on «a, a sequence (aq | @ € A) of elements
of M in such a way that a<, = (ag | 8 < a) realizes the restriction p<, of p to
(zg | B < a). This will suffice. Assume we have <, = (ag | § < ) realizing
P<a, the restriction of p to (zg | 8 < o). We must find a, in such a way a<,
realizes p<,. By inductive hypothesis let b<, = (bg | 8 < ) be a realization
of p<q. Since @<, and b.o have the same type over empty, namely p_, the
map sending ag to bg for B < « is elementary. By homogeneity there is some
ao such that adding (aq, be) to this map remains elementary. This implies that
tp* (@<a/0) = tp" (b<a/0) = p<a-
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Let A be a subset of M of size less than x and let p(x) € SM(A). Let b be a
realization of p in an elementary extension N of M. Let @ = (a; | i € I) be an
enumeration of A and let ¢(7,z) = tp™¥ (@, b). As ¢ is a type (of N hence also of
M) over empty with less than k variables it has a realization (¢,d) in M. Since
tpN(@,b) = q(y,r) = tp(¢,d) the map (from N to M) sending @,b to ¢,d is
elementary and thus the map (from N to M and also from M to M) sending ¢
to @ is also elementary. By homogeneity there is e € M such that the map (from
M to M) sending ¢,d to @, e is elementary. Now the map g : N — M sending
a,b to a, e is elementary. Since b realizes p, by 2.3.6, e realizes p9 = p. O

Ezercise 2.4.12. Show that 1. and 2. above are equivalent. Show that if
moreover k > |L| + g then 1. and 2. are also equivalent to 3.

1. M realizes all k-types of M over empty.

2. For any N = M and any A C N with |A| < k there is a partial elementary
map f: N — M with A C dom(f).

3. M is kT-universal.

Ezercise 2.4.13. 1. Let M be rk-homogeneous N = M and assume each fini-
tary type (with finitely many variables) over empty realized in N is also
realized in M.

(a) Show that each type in at most k variables over empty realized in
N is also realized in M. Hint: by induction on A, the number of
variables, see the proof of 3. implies 7. in Theorem 2.4.11.

(b) If |N| < K, show there is an elementary embedding from N to M.
This shows M is kT -universal in the class

{N | N =M and N omits any finitary type over empty omitted by M} .

Hint: use (a).
(c) Let f: N — M is a partial elementary map with |f| < x and b € N.

Show one can extend f to an elementary map g : N — M with
b € dom(g). Hint: use (a).

(d) Let f : N — M is a partial elementary map with |f| < & and
B C N with |B| < k. Show one can extend f to an elementary map
g: N — M with B C dom(g). Hint: either iterate (c). with a good
enumeration of B or use (a). and exercise 2.4.9.

2. Assume M and N are k-homogeneous elementarily equivalent and realize
the same finitary types over empty.

(a) Le f: N — M is a partial elementary map with |f| < x and B C N,
A C M with |A|+ |B| < k. Show one can extend f to an elementary
map g : N — M with B C dom(g) and A C Im(g). Hint: iterate
1.(c) with good enumerations of A and B.
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(b) Show that if moreover |M| = |N| = x then M and N are isomorphic.
This generalizes Theorem 2.4.1. Hint apply 2.(a).

Ezercise 2.4.14. A theory T is called A-stable if for any model M of T" and any
A C M with |A] = X then |SM(A)| = A. Show that if A > |L| + Ry is regular
and T is A-stable theory with infinite models then 7" has a saturated model of
cardinality A. Hint: build a continuous chain of length A of models of cardinality
A each one realizing all 1-types over the predecessor (if it has). It also true for
non-regular A, but the proof is much more difficult.

FEzercise 2.4.15. Suppose that N is A-saturated (AT-universal suffice, using ex-
ercise ) |[M| < X and each existential sentence holding in M also holds in N.
Show that there is an embedding from M to N. Hint: consider an enumeration
@ of M and consider atp™ (a/0), the atomic type of @ over §.

Ezercise 2.4.16. Let k be an algebraically closed field. Show that

1. k is A-saturated iff the transcendence degree of k over the prime field is
at least .

2. Any uncountable algebraically closed field is saturated.



Chapter 3

Omitting Types

3.1 A little bit of topology

Definition 3.1.1. A topological space is a pair (X, 7), where X is a set and
7 C P(X) is a family of subsets of X satisfying the following properties:

e Forevery n C7,Up €.
e For every finite u C 7, N € 7.
e ), Xer

The elements of X are called points and the subsets of X sets. The sets
which belong to p will be called open sets and their complements closed sets.
The definition says that the collection of open sets is closed under taking unions,
finite intersections and contain the empty set and the whole space. Thus the
collection of closed sets is closed under taking intersections and finite unions.
The empty set and the whole space are also closed. The subsets of X which
are both open and closed are called clopen sets. For instance, () and X are
clopen. In order to define a topology in X it is quite common to provide a nice
subcollection of open sets, instead of providing the whole collection of all open
sets. A base of (X, ) is a subcollection p C 7 such that one gets all open sets
as unions of sets in the base. The elements of i are called basic open sets. More
precisely, each open set is a union of basic open sets i.e., for every V € 7 there
is p/ C p such that V = Up/. Tt is easily checked (and let as an exercise for the
reader) that a base p for a topology in X satisfies the following two properties:

o X =Upu.

e For every Vi, V5 € p and for every © € V3 NV, there is V3 € p such that
reVzsCVinls.

Conversely, given a set X and p C P(X) satisfying the two properties above
the collection 7 = {Up’ | ' C u} is a topology on X. This is again left as an
exercise.

37
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Definition 3.1.2. Given a subset A of X, the interior of A, denoted by ;)1, is
the biggest open set contained in A:

,Z:U{V | Vis open and V C A}.
The closure of A is the smallest closed set containing A:
A=n{C|Cisclosed and A C C}.

As taking complements turns open sets to closed sets and reverse the inclu-
sions, it is straightforward to check that

(3)" =a.

Here we use A® to denote X \ A, the complement of A in X.
A neighborhood of a point x is any set containing an open set containing

o
z. We let as an exercise to show the following: x €4 iff there is a neighborhood

of x contained in A. Also: z € A iff every neighborhood of = intersects (has
nonempty intersection with) A.

Definition 3.1.3. A subset of X is called dense if A = X.

Equivalently, a dense set A is a subset of X which has nonempty intersection
with any nonempty open set. Moreover, A is dense iff A has empty interior
(in other words: @) is he only open set contained in the complement of A).

Definition 3.1.4. A topological space (X, 7) is said to be Haussdorff iff given
two different points x,y € X there are neighborhoods V, >  and V,, > y of x
and y respectively such that V, NV, = 0.

Definition 3.1.5. A subset A of X is called compact (in (X, 7)) iff for every
family of open sets {V; | i € I'} such that A C |J,.; V; there is a finite Iy C I such
that A C (J;c; Ci. In words: every open covering of A has a finite subcovering.
When X is compact we say that the topological space (X, ) is compact.

Taking complements, one gets the following characterization: A is compact
iff for every family of closed sets {C; | i € I'} such that AN(),c; C; = 0 there is

a finite Iy C I such that AN(,c; C; = . Observe that the space X is compact
whenever given any family of closed sets with empty intersection one can find
a finite subfamily with empty intersection. This is usually stated the following
way: given a collection of closed sets, if any finite subcollection has nonempty
intersection then also the whole family has nonempty intersection.

Compact sets behave as finite sets in some sense. For instance, let us as see
that in a Haussdorff space we can extend the ‘separation’ of points to compact
sets: given two disjoint compact sets K;, K5 there are disjoint open sets Vi, V5
with K; C V;. Let us start with a point  and a compact set K. For each y € K
let V,, W, be open neighborhoods of x and y respectively with V, N W, = 0.
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Since (W, | y € K) is an open covering of K, by compactness, there is some
finite F' C K such that (W, | y € F) also covers K. Now it is easily checked that
Nyer Vy and U, cp Wy are the desired neighborhood of z and K respectively.
This implies, in particular that K is closed. Repeating the argument again we
can separate disjoint compact sets.

There is a close relation between ‘compact’ and ‘closed’ subset of a topolog-
ical space:

remark 3.1.6. 1. Every closed set of a compact space is compact.

2. Every compact subset of a Haussdorff space is closed.
Hence, for compact Haussdorff spaces, ‘closed subset’ and ‘compact subset’
coincide.

Proof. 1. Let C be a closed subset of X. If (V; | ¢ € I) is an open covering of C,
adding C“ one gets an open covering of X. A finite subcovering of X provides
a finite subcovering of C.

2. By the separation argument above. O

Definition 3.1.7. A topological space is locally compact if any point has a
compact neighborhood.

Obviously any compact space is locally compact: the whole space is a com-
pact neighborhood.

remark 3.1.8. In a Haussdorff locally compact space each point has a base of
compact neighborhoods: for each point  and each neighborhood V' of x there
is some compact neighborhood K of = contained in V.

Proof. Let K be a compact neighborhood of x an open V neighborhood of z.
Let W an open neighborhood of z contained in K. We will find a compact
neighborhood of x contained in W N V. By remark 3.1.6 K; = K\ (VNW) is
compact. By separation of x and K; let V4, V4 disjoint open sets with =z € V3
and K1 CVo. Nowzx € ViNW C VQC N K and thus V2C N K is a compact
neighborhood of x contained in VN W. O

Next result, the Baire category theorem also holds for complete metric spaces
with a slight modification on the proof.

Theorem 3.1.9 (Baire Category theorem). In a locally compact Haussdorf
space, the intersection of countably many open dense sets is dense.

Proof. Let X be locally compact and Haussdorf. Let (V;, | n € N) be a collection
of dense open sets. In order to show that (1, .y Vi is dense we must show that
VN (V;en Vi # 0 for any nonempty open V. Since Vi is dense Vi NV # ) and
thus, by remark 3.1.8, we can find a compact set K; with nonempty interior
with K1 C VNV;. Since V5 is dense and K7 has nonempty interior, V5 N K has
also nonepty interior and thus, by remark 3.1.8 again, we can find a compact set
K5 with nonempty interior with Ko C K71 NV;j. Observe that Ko C VN ViNVs.
Repeating this procedure we build a decreasing chain of compact sets (K, | n €
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N) with K, CVnVin---NV,. Since K; is compact and each K; is closed,
() Knen is nonempty, hence VN, oy Vi # 0. O

3.2 The spaces of complete types of a theoty

In this section we assume a theory T is given, and T will denote a tuple of
variables, maybe of infinite length.

Definition 3.2.1. A type of T is a set of formulas 7(Z) C Lz such that TUn(T)
is consistent.

Hence, a subset of Lz is a type of T iff has a realization in a model of T.
Equivalently, by the compactness theorem, iff every finite subset of 7(Z) has a
realization in a model of T. As in section 2.1 we say that a type is complete
iff for every formula ¢ € Lz the type contains exactly one of ¢, . The set of
all complete types of T with free variables on 7 is denoted by SZ.

The notion of ‘type of T’ and ‘type of M’ should not be confused. First,
in a type of T" we do not allow parameters, whereas we allow parameter sets
A C M for the second notion. Moreover, compactness allows us to conclude
that ‘finitely realizable in T’ (more precisely: in a model of T) is the same
as ‘realizable in 7°. Obviously ‘finitely realizable in M’ is not the same as
‘realizable in M’. However both notions are intimately related and can be seen
each one as a particular case of the other if T' is complete.

remark 3.2.2. 1. Let M be a model, A a set of parameters A C M and
m(ZT) € Lz(A). Then 7(Z) is a type of M over A iff it is a type of the
theory Th M 4. This is an consequence of 2.1.3. In particular:

SM(A) = sIMM),

x

2. Let T be a theory. Any type n(Z) of T is a type of some model of T', since
m(T) is realized in some model of T. If M is a model of T and 7 (T) is
type of M, w(Z) is also s type of T because the consistency of Th(M)Ux
implies the consistency of T'Ux. Hence, 7 is a type of T' iff 7 is a type of
some model of T'. For complete types, one gets:

st= |J s

xr
MeMod(T)

In the expression above it suffices to pick a model for each completion of
T. When T is a complete theory and M a is model of T, then 7(Z) is a
type of M (over 0) iff it is a type of T'. In particular:

ST — oM.
The space SL is topologized as follows. For every formula ¢ € Lz, consider

el ={peSL|pep}.
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It is easily checked that [¢] N [¢)] = [p A ¢], hence {[¢] | ¢ € Lz} forms a base
of a topology. As SL \ [¢] = [~¢], the sets of the base are clopen, hence is a
totally disconnected space.

As closed sets are intersections of basic clopen sets, any closed set C' is of
the form C' = (N ., [¢] = {pe ST |x Cp} for a certain set 7 C Lz. Hence
closed sets correspond to sets of formulas m. We will denote {p eST | C p}
by [r]. One also verifies that [x] = @ iff T U is inconsistent iff 7(Z) has no
realization in a model of T. Hence nonempty closed sets correspond to types.

Proposition 3.2.3. The space SL is compact.

Proof. Suppose we are given a family ([m;],7 € I) of closed sets with empty
intersection. Since ) = (;c;[mi] = [U;c; 7] we get that J;o; 7 is inconsistent
with T. By compactness there is a finite Iy C I such that Uie[0 m U T is
inconsistent. This means that (,c; [mi] = [U;e;, mi] = 0. O

Ezercise 3.2.4. Show the following properties

L e V] =gl UY]

2. [plclyl ifTEe =y

3. [pl =N TEeey

Ll =ST Tk

5. [¢] =0 iff TU ¢ is inconsistent.

Exercise 3.2.5. Let T be a theory in a language L. Consider the following
equivalence relation ~ in Lz: ¢ ~ ¢ iff T = ¢ < 4.

1. Show that it is an equivalence relation and define operations such that
Lz/ ~ is a boolean algebra. It is called the Tarski-Lindembaum algebra.
Let us denote it by BZ.

2. Given p € SL, show that 1 ~ p and ¢ € p then ¢ € p. Let us denote
p/ ~ the quotient of p by ~. Show that p/ ~ is an ultrafilter of BL.

3. given an ultrafilter U of BL, show that JU € SZ.

4. Show the maps p — p/ ~ and U — |J U are homeomorphisms, one inverse
to the other, between SL and the stone space of BZ.

3.3 The omitting types theorem

By definition, a type of T is realized in a model of T'. Here we will try to answer
the following question: it is realized in every model? In other words: is there a
model of T not relizing the type? We begin by naming things:

Definition 3.3.1. We say that a structure M omits a set of formulas 7 (Z) if
M does not realize 7(Z).
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If 7(Z) is inconsistent with T' then obviously every model of T omits 7 (Z).

Definition 3.3.2. An n-type 7(T) of T is isolated iff there is a formula ¢(Z),
consistent with T, such that T = ¢ — ¢ for every ¢ € . This is denoted by
T E ¢ — 7, and we say that ¢ isolates 7 in T

Let us remark that the requirement that the formula isolating the type has
(at most) the same free variables as the type is avoidable. If T' |= ¢(Z,7) — 7(T)
then also T' = 3gp(Z, ) — 7(T). This notion has a nice topological translation
in the space SI. The consistency of ¢ with T' becomes () # [¢]. The fact
that T = ¢ — = translates to [¢] C [r]. In other words, an n-type m of T
is isolated iff [7] has nonempty interior in the space SI. As we have seen
above this characterization does not depend on the n chosen. Even more, one
gets the same characterization in any space SL (provided that I contains the
variables of the type). Taking complements, one gets that 7 is non-isolated
iff [r]¢ = SL \ [x] is dense. In other words, non-isolated types correspond (in
the space SL) to complements of open dense sets!.

Let’s return to the question about if there is a model of T" that omits a given
type (or, more generally, a set of types). If the theory T is complete and the
type 7 is isolated in T, it is realized in any model of T'. For, if ¢(T) is consistent
with T, by completeness T = 3Tp(T). Hence in any model of T there is a tuple
satisfying . If ¢ isolates m, T = ¢(T) — 7 (T), hence any tuple satisfying ¢ in
a model of T realizes m. Hence, in any model od T we can find a realization
of m. The following theorem provides a sufficient condition in order to omit a
collection of types in a countable language.

Theorem 3.3.3 (Omitting types theorem). Let T be a consistent theory in a
countable language L. Let P be a countable set of non-isolated types, each one
n a finite number of variables. There is a model of T that omits all the types
m P.

Proof. We begin by fixing a countable set of variables Z = (x, | n € N). We
will work in the space ST of complete types in those variables. For every = € P
let us denote by n(w) the (finite) number of free variables of w. Given a map
o:{1,...,n(m)} — Nlet p? denote the type obtained by replacing the variables
of 7 according to o. More precisely, replacing the i*" variable of 7 by Tg(i)- Let
us check that 77 remains non-isolated (in case o is injective is clear: we are only
renaming variables). For, suppose that {yi1,...,yn} are the variables of = and
O(Ta(1)s - -+ To(n)) isolates 77. Then one easily checks that the formula

e, o)A N vi=y;
o(i)=0 ()

1<i<j<n

isolates w in 7.

Lthis are the so called closed nowhere dense sets
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Now for every formula ¢(y,%) € Lz let T'V,,(, 7 denote the following open
set

TVia = | Brew, 1) = ¢(an,7)]
neN

Claim 1. Each set TV, 3 is dense.

Proof. We have to show that for every ¢ € Lz consistent with T, [¢]
has nonempty intersection with TV, 7 = [~3ye(y,7)] U U,en [0(2n,7)]. If
¥ A —Jye(y,7) is consistent with T, [¢] N [=Jye(y,T)] is nonempty. Otherwise
T = ¢ — Jyp(y,y) and thus the formula ¢ A ¢(x,,7) is consistent with T
where x,, is a variable not occuring in ¥ A Jyp(y,7). In this case [¢] N [p(zn,T)]
is nonempty. This ends the proof of the claim.

Now consider the following set

ﬂ Tch(y,y) n ﬂ ﬂ [71'0]0.

e(y,y)ELx TEP gen(m)N

We already know that each T'V(, ) is dense. Each [19]¢ is also dense because
the type m7 is non-isolated. Hence the set above is a countable intersection of
open dense sets. By the Baire category theorem it contains a point p = p(z,, |
n € N). Let @ = (a, | n € N) be a realization of p in some model M of T. We
are going to see that {a, | n € N} is the domain of a model of T" that omits all
the types of P.

Claim 2. The set {a,, | n € N} is the domain of an elementary substructure
of M.

Proof. We use the Tarski-Vaught test, Theorem 1.2.10. Suppose M
Jyo(y, aiy, ..., a;,) for some formula o(y,z;,,...,2;,) € Lz This implies
p € [Fye(y, @i, .., xi,)]. Since p also belongs to TV, (y 4, ..z,,,) then p €
Byely, iy, -y xi, ) = @(Tny Tiy, .., 2, )] for some n € N. This implies p €
[o(Tn, @iyy -2, )], hence M = (ap,aiy, ..., a;, ). This ends the proof of the
claim.

Let us denote by N this substructure. Obviously N is a model of 7. The
proof ends with the following;:

Claim 3. N omits all types in P.

Proof. We show that given any 7 = 7(y1,...,yn) € P, and any o :
{1,...,n} — N the subtuple (a,(1),...,0x(n)) of @ does not realize 7. Since
p € [r°]¢ = Uper[m9?]; we get =7 € p for some ¢ € m. But this implies
M = —¢?(@). Equivalently M = =¢o(ag(1y, - -, 0o(n)). Hence (ay(1), ..., a0m))
does no realize 7. O



Chapter 4

Countable models

In this chapter the language will be countable.

4.1 atomic models

We start with a remark about isolated types in a theory T'. If a complete type
p € ST is isolated by a consistent formula ¢ € Lz then ¢ € p. Otherwise —~p € p
and thus T = ¢ — -, contradicting the consistency of ¢ with T'.

Let’s now make some more remarks about isolated types in the space SZ* (A),

M
where M is any model and A C M a parameter set. Recall that S (A) =
GTh(Ma)

x

remark 4.1.1. 1. w C Lz(A) is isolated iff there is some (%) € Lz(A) with

My | 3zp(T) My | VT (0(T) = 7(T))

2. If 7 C Lz(A) is isolated then it is realized in M 4.

Proof. 1. If o(Z) is consistent with Th(My,), since Th(M4) is complete it follows
Th(Ma) = 3Tp(T). Hence M4 | FTp(T). We use M4 = VT (o(T) — 7(T)) to
denote M4 = VT (p(T) — p(T)) for any p € m. Obviously M4 = VT (p(T) — 7(T))
is equivalent to Th(M,) E VT (p(T) — 7(T)).

2. By 1, any tuple of M realizing ¢(T) realizes w(Z). O

If f: M — N is a partial elementary map and A C dom(f), the map
p — pf from SM(A) to SY(f(A)) is a homeomorphism. We already know it
is a bijection. But the image of the basic clopen [¢] is the basic clopen [pf].
This means this map is open. By the same reason the inverse map, given by
p— pff1 is also open. In particular, p € S (A) is isolated iff p/ is isolated in
SN (f(A)). In fact this is true also for partial (not necessarily complete) types.

Definition 4.1.2. Let M be a structure. We say that M is atomic iff for
every finite tuple @ € M, tpM (@) is isolated.

44
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Lemma 4.1.3. Let M be a structure and A C M be a finite set of parameters.
If M is atomic then also M4 is atomic.

Proof. Let @ be a finite tuple in M. Let b be an enumeration of A. Since M
is atomic, the type p(%,7) of the tuple @b is isolated. Let »(Z,y) € Lz be a
formula that isolates the type: M = 3z350(Z,7) A VaVy(e(Z,7) — p(T,7)).
Obviously M4 = VZ(o(T,b) — p(T,b)). Moreover ¢ € p implies M = (@, b)
and thus M4 = 3Tp(Z,b). This means that tp(@/A) = p(z,b) is isolated by
»(Z,b). O

Next result shows that a complete theory has at most a countable atomic
model.

Proposition 4.1.4. Suppose M and N are countable and atomic. Let f : M —
N be a finite partial elementary map. then f extends to an isomorphism from
M to N. In particular two elementarily equivalent atomic countable models are
isomorphic.

Proof. Let (an | n € w) and (b, | n € w) be enumerations of M \ dom(f)
and N \ Im(f) respectively. We are going t build a chain of elementary maps
(fn|m€w) from M to N with fo = f, a, € dom f, 41, b, € Im f,41 and f,
finite. The union will be the isomorphism. Assume f, is already constructed.
By Lemma 4.1.3 M is atomic over dom(f,), hence p = tp(a,/dom(f,)) is
isolated. Thus p/~ is also isolated and thus realized by some b € N. Now
g = fU{(an,b)} is elementary. Again by Lemma 4.1.3 N is atomic over Im(g)

and thus we can realize tpgfl(bn/Im(g)) by some a € M. Finally we put
fnJrl :fnu{(a'rub)a(a?bn)}' O
Ezercise 4.1.5. Show that an atomic model is w-homogeneous.

Next exercise shows that countable atomic models are prime.

Ezercise 4.1.6. Let M be countable and atomic. Show that M is prime, i.e. for
any N = M there is an elementary embedding from M to N.

Exercise 4.1.7. Prove the converse of the previous exercise. More precisely:
show that any prime models is atomic and countable.

4.2 The Ryll-Nardzewski’s theorem

Theorem 4.2.1 (Engeler-Ryll-Nardzewski-Svenonious). Let T be a complete
theory in a countable language without finite models. The following are equiva-
lent:

1. T is w-categorical.
2. for all n all points in SL are isolated.

3. for alln ST is finite.
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4. Each model of T is atomic.

Proof. 1 implies 2. If some p in some S! is non-isolated, by the omitting types
Theorem 3.3.3 T has a countable model omitting p and also, by proposition
2.1.12, a countable model realizing p. Since p has no parameters, these two
models cannot be isomorphic.

2 implies 3. The collection of isolated points of ST is an open covering of
ST which must be finite by compactness.

3 implies 4. Because S! is Haussdorff all points in S! are isolated. Since T’
is complete, for any model M of T, ST = SM whence M is atomic.

4 implies 1. All countable models of T" are atomic hence isomorphic by
proposition 4.1.4. O

Exercise 4.2.2. Let T be a complet theory without finite models. Prove that
the following are equivalent:

1. T is w-categorical.

2. T has a model which is both atomic and saturated.

T has a countable model which is both atomic and saturated.

T has a model which is both atomic and N;-universal.

T has a countable model which is both atomic and N;-universal.

T has a model realizing only finitely many n-types for each n.

T has a countable model realizing only finitely many n-types for each n.

All models of T' are w-saturated.

© »® N o oos W

All countable models of T' are w-saturated.

10. All countable models of 1" are atomic.

11. All models of T realize only finitely many n-types for each n.

12. for all n B is finite.

13. For any model M of T and any finite A C M SM(A) is finite.

14. For any model M of T any finite A C M and any n, SM(A) is finite.

Ezercise 4.2.3. Provide some more characterizations of w-categoricity.

Ezercise 4.2.4. Let T be a theory without finite models. Prove that T is w-
categorical iff all its models are partially isomorphic.

Ezercise 4.2.5. 1. Show that a complete theory with infinitely many different
constants (the language contains infinitely constants and the theory says
that the are different) cannot be w-categorical. Even more holds:
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2. Show that any model of an w-categorical theory is locally finite. That
is: each finitely generated substructure is finite. In fact any model of the
theory is uniformly locally finite: there is a function d : N — N (depending
only on the theory, not the model) such that |(A),,| < d(]A]) for any finite
subset A of any model M of the theory.

4.3 countable atomic and countable saturated
models of a complete theory

In the section we well characterize, in terms of the spaces S, when a given
complete theory has a countable atomic model and when it has a countable
saturated model.

We start with the existence of countable saturated models.

remark 4.3.1. Let T be a theory, M a model of T'and A C M a set of parameters.

1. If g = (y; | i € I) a tuple of new variables of the same cardinality as A,
|52 (A)] < Sz

2. If T is complete |ST| < |S2(A)].

Proposition 4.3.2. Let T be a complete theory with infinite models. The fol-
lowing are equivalent:

1. T has a countable saturated model.
2. For allmn |S§| < Ng.

Proof. 1 implies 2. Let M be the countable saturated model of T'. Since T is
complete, by remark 3.2.2 ST = SM_ Since M is saturated, any type in SM is
realized in M. But the number of possible realizations is countable whence SM
is at most countable.

2 implies 1. For any model M of T" and any finite A C M, by remark 4.3.1,
|SM(4)] < ‘S&Hl‘ < Ng. We build a chain (M,, | n € w) of countable models
of T' as follows. Starting with any countable model, we pick, by 2.1.12 M, +1
an elementary extension of M, realizing all 1-types of M, over a finite set of
parameters. By hypothesis there are only countably many such types and we

can pick M, 1 to be countable. The union of the chain is a countable saturated
model of T'. O

The following exercise is a generalization of proposition 4.3.2

Erercise 4.3.3. Let T be a complete theory and A a cardinal with A<* = X (i.e.,
A is regular and 2# < X for any p < A). Show the following are equivalent:

1. T has a saturated model of cardinality .

2. ST < ) for each n.
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3. S;‘f < X for each p < .
4. SM(A) < X for each model M of T and each A C M with |A| < \.
Ezercise 4.3.4. Let T be any theory (not necessarily complete).

1. Show the following are equivalent:

(a) For all n |ST| < Rg.

(b) T has at most countably many completions and each completion of
T has a finite model or a countable saturated model.

2. If for all n |ST| < Ry, then the number of completions of T' coincide with
the number of saturated model of T of cardinality at most countable (up
to isomorphism).

3. If T has at most countably many countable models and only one of them
is saturate then T is complete.

Ezercise 4.3.5. Show that if a complete theory has a countable w;-universal
model then it also has a countable saturated model.

Corollary 4.3.6. Let T be any theory with infinite models. If T has at most
countably many countable models then T has a countable saturated model.

Proof. Replacing T by any of its completions we may assume 7" complete. Since
by 2.1.12 each type in S is realized in a countable model of T, SI is at most
countable. O

Now we go to the question about countable atomic models.

remark 4.3.7. If N is atomic and N < N then also M is atomic.
Proof. Tt follows from tp™ (@) = tp™ (@) for every tuple @ € M. O

Hence, the existence of an atomic model of a theory implies the existence
of a countable atomic model. Next proposition characterize the existence of
countable atomic models.

Theorem 4.3.8. Let T be a complete theory. Then T has an atomic model
iff for all n, the set of isolated points is dense in SI .

Proof. Assume T has a prime model M, and let ¢(T) € L,, consistent with T'.
Since T' is complete T' = JTp(T) and thus there is a tuple @ in M satisfying
©(T). Since M is atomic, p = tp(a/P) is isolated. This implies that p is an
isolated point in [¢].

Conversely, assume that the set of isolated points are dense in every space
ST For each n, consider the following n-type:

Ty = {—wp | ¢ € L, and ¢ isolates a complete type p € S};} .
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Now we show that each m,, is non-isolated in T'. Otherwise, assume that for some
n there is ¢ € L, consistent with T such that T = ¢ — m,. Let, by density
of isolated points, p € [¢] isolated in T. Let ¢ € L,, a formula isolating p in T
Since ¢ € p it follows that T = ¢ — 1. But —¢ € 7, implies T = ¢ — —p and
thus T | ¢ — -, a contradiction with the consistency of ¢ with T. By the
omitting types theorem there is a model M of T omitting all m,. We end by
checking that M is atomic. Given a tuple @ of M, @ does not realize m,, where
n is the length of @. This implies @ satisfies some formula ¢(Z) isolating a type
p € ST. Hence p is the type of @, which is isolated. O

We end this section by showing that the existence of a countable saturated
model implies the existence of an atomic one.

Theorem 4.3.9. Let T be any theory without finite models. If T has a countable
saturated model then T has an atomic model.!

Proof. Replacing T by an appropriate completions we may assume 7' complete.
Assume T has not atomic model. By theorem 4.3.8 there is some n such that
in ST the isolated point are not dense. Let ¢ € L, such that [p] does not
contain isolated points (i.e. [¢] perfect). Let p,q be two different points in [¢].
Let ¢, € p with ¢, ¢ ¢ and put p1 = —pg. Observe that [¢] is a disjoint
union [¢] = [po] U [¢1] where each [p;] is nonempty and perfect again. We can
partition again [p;] = [@i0] U [@s1] with [p;;] nonempty and perfect. Iterating
this process we build a binary tree of formulas (ps | s €<% 2) indexed by finite
binary sequences. By compactness of SI, for each binary sequence of infinite
length s €“ 2 the intersection Cs = [, ,,[¢sn] is nonempty. here s [ n denotes
sequence of the first n binary values of s. Since the sets Cs are pairwise disjoint
we have that |S;f | > 2% thus, by proposition 4.3.2 T" has not countable saturated
model. O

In fact, the prove given above shows that a perfect set in a compact Hauss-
dorff space has size at least 2.

4.4 On the number of countable models

Theorem 4.4.1 (Vaught). There is no complete theory with exactly 2 countable
models up to isomorphism.

Proof. Assume T is a complete theory with exactly 2 countable models. We
will end the proof exhibiting a third countable model of T, a contradiction. By
corollary 4.3.6 T has a countable saturated model M, and by theorem 4.3.9 a
prime model M;. By Ryll-Nardzewski for some n S contains a non-isolated
type p. Since My realizes p and M; omits p (realizes only isolated types) they
cannot be isomorphic. Let @ € M> be a tuple realizing p. We now consider the

Iwe do not claim the prime model of T is elementarily embeddable in any model of T, only
to those models of T' elementarily equivalent to the prime model.
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theory of M4, where A denotes the set ................ As }SZ;(E) < ’STI;L-‘,-|E" < Np,
by proposition 4.3.2 and theorem 4.3.9 there is a prime model (M3); of T'(a).
As tpM3(b) = p, M3 is not atomic, hence not isomorphic to M;. Since ¥y <
‘S,ﬂ < SZ@‘, there should be some ¢ € Sf@ non-isolated. Obviously (Mg)g
does not realize g hence Ms is not saturated and cannot be isomorphic to Ms.
M3 is our third countable model of T'. O

Exercise 4.4.2. Let L be a language containing countably many unary predi-
cates, L = (P; | i € N). For each each pair A, B of finite subsets of N consider
the formula @ap = 3x (\;eq Pi(®) A N\jep ~Pi(2)). Let T be the following
theory {¢a,p | A, B finite and disjoint subsets of N}. Show the following:

1. T is consistent and has no finite models.

2. In an w-saturated model M of T the following holds: For each subset A
of N the set ;e 4 PM N Niemoa M\ PM is infinite.

3. T is complete and eliminates quantifiers.
4. The converse of 2. holds.

5. T has no prime model nor countable saturated model nor countable w;-
universal model.

6. T has 280 countable models.

7. for each n, ST is perfect (i.e., has no isolated points. Hint: show that an
n-type 7 is isolated then only finitely may predicates occur in 7).

Ma iR, < 2N,
8. I(T,N,) = I,

Exercise 4.4.3. Modify previous exercise to obtain a theory with prime model
but no countable saturated model (Hint: consider T'(A) for a countable set A).

Exercise 4.4.4. Let T be a complete theory in a countable language which is
not w-categorical. Let mq,...,m, be a finite collection of types of T' each one in
a finite number of variables. Show that 7" has a countable non-saturated model
realizing all the types m,...,m,.

Ezercise 4.4.5. Let L be a language containing countably many unary predicates
{P; | i € N} and countably many constants {a;; | (i,j) € N*}. Let T be the
theory which says a; ; # a; x for any ¢ and any pair j < k, Vz(=P;(z) V —P;j(z))
for any pair ¢ < j and P;(a; ;) for any pair ¢, j. Show the following:

1. In any w-saturated model M of T the following sets are infinite: M \
Uien B and PM\ {a} | j € N} for each i.

2. T is complete and eliminates quantifiers.

3. The converse of 1. holds.
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T has a prime model and a countable saturated model. Describe them.
T has 2% countable models.

What are the isolated types in S?

NS o e

IR, T) = (2 + |af)No.

Exercise 4.4.6. Proceed as in previous exercise with the following theory. The
language contains countably many unary predicates: L = {Ps|se<¥2}. T
says Py = M, PM is nonempty and PM is the disjoint union of P} and P} .
You must show SI is perfect.

parlar de morley i vaught

exemple 3,4,..models

4.5 restes

An atom of a boolean algebra B is a minimal element a # 0. Equivalently, a
is an atom iff for every b € B either a < b or a < —b. We are interested in
the following boolean algebra, called the Tarski-Lindenbaum algebra. Consider
L,, modulo the following equivalence relation: ¢ ~ ¢ iff T = ¢ < 9. It is
easily checked that ~ is compatible with A,V and —. Hence L,/ ~ is naturally
a boolean algebra denoted by BI. Observe that in B! the following holds:

remark 4.5.1. Let ¢,v be L,-formulas and let %, denote its classes in BL.
L. p<v¢ ff TEp— .
2. =0 iff ¢ is inconsistent with 7.
3. The following are equivalent:

(a) P is an atom of BY

(b) ¢ consistent with T" and for every L,-formula v, either T = ¢ — ¢
orTE@—
(c) ¢ is consistent with 7" and isolates a complete type in S .

Proof. We prove 3. The equivalence between (a) and (b) follows applying 7 and
2. If (b) holds then ¢ is a formula consistent with T isolating {¢) € L,, | T = ¢ — ¥},
a complete type in S. The converse is obvious. O

In order to make everything easier we will identify a formula with its class.
This is harmless, since we are going the work only with models of T'.

An atom ¢ of BT isolated a complete type p € SI ie., {p} = [¢]. Con-
versely, if p € SL is an isolated point, then {p} = [p] for some formula ¢ € L,,.
Since p is complete, ¢ is an atom. Hence, atoms of B! are in correspondence

with isolated points of SI.
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Let T be a theory (maybe not complete), M a model of ' and A C M a set
of parameters. We will denote by T'(A) the theory of M4. T(A) is a complete
theory in L(A) extending T. In fact any complete theory in L(A) extending T
is of this kind. Recall (exercise 2.3.4) that (N, ha).c4 is a model of T'(A) iff the
partial map (with domain A) h : M — N is elementary. Hence, a model of T'(A)
consist on a structure N together with an elementary partial map h : M — N

with domain A. Observe that, by remark 3.2.2 (or 2.1.3), SEA = SM(A). The

atoms of B Y will be called simply atoms of T'(A).

Definition 4.5.2. Let M be a model and A C M a set of parameters. We
say that M is prime over A if every partial elementary map f : M — N with
A = dom(f) extends to an elementary embedding from M to N. We say M is
prime if M is prime over the empty set, i.e., there is an elementary embedding
from M to any N elementarily equivalent to M.

Theorem 4.5.3. Let M be a model and A C M a countable set of parameters.
Then M is prime over A iff M is atomic over A and countable. In particular
M is prime iff M is atomic and countable.

Proof. If M is prime over A, it is countable, since we can embed M into a
countable model of T'(A). If M is not atomic over A, let @ € M such that
tp(a/A) is non-isolated. By the omitting types theorem, let (N, ha)q,ca be a
model of T'(A) omitting tp(a/A). This means that N omits tp"(a/A). Since M
is prime over A, h may be extended to an elementary embedding f : M — N.
But then f(@) realizes tp"(@/A), a contradiction.

Assume now that M is countable and atomic over A and there is an elemen-
tary map f : M — N with domain A. Let (a, | n > 1) be an enumeration of
M\ A. We are going to build a chain (f,, | n € w) of elementary maps from M to
N with dom(f,) = AU{ay,...,a,}. Obviously U, ,, fn will be an elementary
embedding from M to N. We start with fo = f. Let us see how to build f,,+1
from f,,. Since M is atomic over A, by lemma 4.1.3, M is atomic over dom(f,,).
Hence tp(a,,1/dom(f,)) is isolated. Obviously tpf(a,1/dom(f,)) is also
isolated and thus realized by b in N. Now we set f,+1 = fn U{(ans1,0)}. O

A Boolean algebra is atomic iff for every 0 # b € B there is some atom a
with a < b. Assume B! is atomic. Let ¢ € L,, consistent with 7. Let ¢ € L,
an atom of B with T |= ¢ — ¢. Let p the type isolated by . Then p € [¢].
This shows that the isolated points of ST are dense. Conversely, assume the
isolated points of S are dense. Let ¢ € L, consistent with T and let p € [¢]
an isolated point. let ¥ be the formula that isolates p then 1 is an atom above
. This shows that Bl is atomic. The same argument shows that a boolean
algebra is atomic iff in its stone space the isolated points are dense.

The following theorem gives a criteria for existence of prime models of T'.

Ezercise 4.5.4. Prove that if ¢(z,7) is an atom of T (more precisely, ¥ is an
atom in B!, where n denotes the lenght of 3) then also 3z is an atom of T'
(more precisely, 3z is an atom in BL).



Chapter 5

Partial isomorphism

5.1 Partial isomorphism

In this chapter we will presuppose a fixed language L and when we speak about
structures or models we mean L-structures.

Definition 5.1.1. A partial isomorphism f from M to N is a bijection between
subsets of M and N respectively satisfying the following conditions:

1. For every predicate symbol R and every tuple @ of the domain of f it holds
that @ € RM iff fa € RY.

2. For every function symbol f, every tuple @ and element a of the domain
of f it holds that fM(a) = a iff fN(fa) = f(a)

3. For every constant symbol ¢ and every element a of the domain of f it
holds that ¢ = a iff ™ = f(a).

Equivalently, we could have described partial isomorphism as partial maps
preserving, in the sense of 1.2.3, the formulas of type

x=vy, Rxi,...,zn), x=f(z1,...,2,), z=c

Observe that the inverse of a partial isomorphism is also a partial isomorphism.
For example, every part(subset) of an isomorphism between substructures of
M and N is a partial isomorphism. It is not true, however, that every partial
isomorphism from M to IV extends to an isomorphism f between substructures
of M and N (an embedding of dom(f) to N). If we take M = (Z, s) the map
{(1,4),(3,7)} is a partial isomorphism from M to M which can not be extended
by adding 2 in the domain. It is not possible, therefore, extend this map to an
isomorphism between substructures of M.

Ezercise 5.1.2. 1. If f : M — N is a partial isomorphism, dom(f) is a
substructure of M iff Im(f) is a substructure of N.

93
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2. If f is a partial isomorphism between substructures of M and N then f
is an embedding from dom(f) to N.

Thus, when the domain of a partial isomorphism f : M — N is a substruc-
ture of M then f is an embedding of dom(f) in N. In particular, when the
language is relational, a partial isomorphism is the same as an isomorphism
between substructures.

Definition 5.1.3. A system of partial isomorphism from M to N is a nonempty
collection I of partial isomorphisms from M to N satisfying the following prop-
erties:

Back For every f € I and b € N there is a g € I that extends f and such that
b is in the image of g.

Forth For every f € I and a € M there is a g € I that extends f and such
that a is in the domain of g.

When there is a system of partial isomorphism I from M to N it is said
that M and N are partially isomorphic (via I) and this is denoted by M =, N
(I : M =, N respectively).

Ezample 5.1.4. 1. Let M, N be two dense linear orders without endpoints.
The collection of isomorphisms between finite substructures of M and N
is a system of partial isomorphism.

2. If f is an isomorphism from M to N then {f}, is a system of partial
isomorphism.

3. If I : M =, N is a system of partial isomorphisms then

{f | f is a partial map and f C g for some g € I},
{f | f is a finite partial map and f C g for some g € I'}

are also systems of partial isomorphisms from M to N. Hence there is al-
ways a system of finite partial isomorphisms between partially isomorphic
structures.

By the above examples two isomorphic structures are partially isomorphic.
If the structures are countable the converse holds:

Proposition 5.1.5. any two countable and partially isomorphic structures are
isomorphic.

Proof. Let (a; |€ w) and (b; |€ w) be enumerations of M and N and let I be
a system of partial isomorphism from M to N. We will Construct a chain of
partial isomorphisms (f; | ¢ € w) such that a; is in the domain of f;11 and b; in
the image of f;11. Then the union of the f; is an isomorphism from M to N.
Take as fy any element of I. Supposing f; constructed. By forth there is g € T
with a € dom(g) such that extends f. By back, there is f;y; that extends g and
such that b € Im(f;4+1). O
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If we apply this proposition to the example 5.1.4 we obtain that there is a
unique countable and dense linear order without endpoints.

Ezercise 5.1.6. 1. Prove that any two atomless Boolean algebras are partially
isomorphic via the set of isomorphisms between finite subalgebras.

2. The Random Graph. The language contains only a symbol of binary
relation R. A graph is a symmetrical and antireflexive relation. The
axioms say that given two finite sets Ay, Ao of vertices (elements of the
domain) there is another vertex related with all the vertices of 4; and none
of As. Prove that two models any of this theory are partially isomorphic
via the set of isomorphisms between finite substructures.

3. The Random structure in a finite relational language. Let L be relational
and finite. For any finite tuple of variables T let A(Z,y) denote the set of
formulas of type R(Z) where Z is a subtuple of Z (any variable of Z is in
T, we allow repetitions) and y occurs in Z. For any subset ¥ of A(T, y) let
py denote the formula

Vo | ‘T different’ — Jy | ‘y ¢ T A /\ A /\ =)
pexn YEA(T,Y)\E

Let Tranp (L) be the theory (of the random structure) axiomatized by all
the sentences yx; where X is any subset of some A(Z,y). Any two models
M, N of the theory of the random structure are partially isomorphic via
I;(M,N) the set of all finite partial isomorphisms from M to N.

4. Let L be the language containing a single binary relation < and unary
predicates Pp,...,P,. Let T the theory expressing that < is a linear
order without endpoints, the P;’s form a partition of the domain, and
each P; is dense in the domain (between any two points there is some
point of P;). Any two models M, N of this theory are partially isomorphic
via Iy(M, N) the set of all finite partial isomorphisms from M to N.

remark 5.1.7. If all the models of a countable theory are partially isomorphic,
by 5.1.5 then the theory is w-categorical and therefore complete. We will see
later on that it also holds the converse one. All the examples of the former
exercise are theories w-categorical.

5.2 Karp’s Theorem

The logic Lo is the extension of the logic of first order accepting arbitrar-
ily great conjunctions and disjunctions. More precisely, the formulas are con-
structed from the atomic ones and closing under negation, arbitrary conjunction
and quantifying a single variable. Unlike the logic of first order, the formulas of
this logic always constitute a proper class. We will call also sentences (or closed
formulas) the formulas without free variables in this language. We are going
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to see that the partial isomorphism characterizes the elementary equivalence in
the logic Lo, -

Theorem 5.2.1 (Karp). Two structures are elementarily equivalents in the
logic Loow (that is, they satisfy the same sentences of Looy,) iff they are partially
isomorphic.

Proof. Suppose that I is a system of partial isomorphism between M and N.
We have to see that M and N are Lo, .-equivalent. We will make the proof in
two steps.

Claim 1. Given any a term t = ¢t(Z), any f € I and any finite tuple @
of elements of dom(f), there is g € I, f C g such that t*(a) € dom(g) and
9t (@) = ¥ (g(a).

Proof. By induction on t. The case where t is a variable is obvious. If ¢t =
f(t1,...,tn), by applying the hypothesis of induction n times we obtain h € I,
an extension of f, such that dom(h) contains tM(a) and h(tM (a)) = tI¥ (h(a))
fori = 1...n. Now we take g € I an extension of h with (@) € dom(g). Now
g is a partial isomorphism and its domain contains ™ (@) and all tM (). Since
tM@) = MM (a),...,tM(@)) we have that

gt @) = ¥ (9(t' @), ... 9(t) @))) =
and as that h(tM(a)) =tV (h(a)),

= N (9(@), ...t (9(@))) = t¥ (9(a)).

Now we will prove that all the maps of I preserve all the formulas Lo .-
Claim 2. Given any formula ¢ = ¢(T) of Lo, any f € I and any tuple @
of elements of dom( f)

M = ¢(a) iff N = o(fa).

Proof. By induction on the formula ¢. If the formula is ¢; = t5, by claim
1, we take g € I an extension of f such that tM (@) € dom(g) and g(tM(a)) =
tN(g(@)) for i = 1,2. Then, as g is injective t}M(a) = t}(a) iff t(g(a)) =
tM(g(@)). The case where the formula is R(t,...,t,) is made analogously,
applying the claim 1 n times in order to achieve an extension g of f with
tM(a) € domg and g(tM(a)) = tN(g(a)) for i = 1...n. Then g preserves
R(t1,...,ty,) since it is a partial isomorphism.

The cases in which the formula is the negation of another formula or the
conjunction of a set of formulas come out without any problem applying the hy-
pothesis of induction. Finally we treat the case in which the formula is Jxp(x, T).
If M = 3zp(z,a) then there is an element a € M such that M = ¢(a,a). We
take g € I an extension of f with a € domg. By hypothesis of induction
N E p(g(a),g(a)) and therefore N = Jxp(x, g(a)). The converse is done anal-
ogously using Back instead of Forth.

Now we will prove the converse one. We suppose that M and N satisfy the
same closed formulas of the logic L . We will prove that

I={f:M — N| fis partial, finite and preserves all the formulas of L}
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is a system of partial isomorphism. By hypothesis the empty map is in I. In
order to prove Forth, let f € I and a € M. Let @ an enumeration of the
domain of f. Everything is reduced to find b € M such that the tuples aa and
bfa satisfy the same formulas. If there was not certain b we would have that
for each b € N there is a formula ¢p(x,Z) of Lo, such that M = ¢p(a, @)
but N = —py(b, fa). This is an absurd, since then M = 3z A,y vu(2, @)
and N | =3z A,y ¢u(z, fa), contradicting the fact that f preserves all the
formulas of L. . Back is made analogously. O

Corollary 5.2.2. Two partially isomorphic models are elementarily equivalent.
Moreover, every partial isomorphism living on a system of partial isomorphism
is an elementary map.

Ezercise 5.2.3. Let M, N be given partially isomorphic structures. Prove that:
1. If M is w-saturated then N is also w-saturated.
2. If M is w-homogeneous then N is also w-homogeneous.

3. M and N realize the same types in a finite number of variables over the
empty set.

Ezercise 5.2.4. Let M, N be given w-homogeneous structures. Prove that M
and NNV are partially isomorphic iff they realize the same types in a finite number
of variables over the empty set.

5.3 Partial isomorphism and completeness

In this section we will provide proposition 5.3.2, a quite useful criterion to prove
that a given theory is complete.

We begin by seeing that for w-saturated models, ‘being elementarily equiv-
alents and being partially isomorphic is the same thing.

Proposition 5.3.1. Two w-saturated and elementarily equivalents models are
partially isomorphic via the set of all finite partial elementary maps.

Proof. Suppose that M, N are w-saturated and elementarily equivalent. Let I
denote set of all partial and finite elementary maps from M to N. I is non
empty since then the empty map is in I. Everything is reduced to see that I
has the Forth property(Back is done the same way). Let f be a finite partial
elementary map and a an element of M. By lemma 2.3.6 everything is reduced
to take, because of saturation, a realization of tp/(a/dom f). O

Corollary 5.3.2. A theory T is complete iff all its w-saturated models are
partially isomorphic.

Proof. The implication from left to right follows by applying the proposition
5.3.1. Conversely if M and N are models of T, by the proposition 2.2.4 we can
take M’ and N’ elementary and w-saturated extensions of M and N respectively.
As M' =, N' then M =M’ =N'=N. O
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FEzxample 5.3.3. 1. The theory T of a total order with previous and next
element. A Z-chain of a model of T consists of an element and all its
predecessors and all its successors. A Z-chain is isomorphic to Z. Let
easy to see that in an w-saturated model of T' the Z-chains are dense and
without endpoints. Then, given two w-saturated models of T' the set of
isomorphisms between a finite number of Z-chains of M and of N is a
set of partial isomorphism. Then this theory is complete and provides an
axiomatization of ThZ, <.

2. The theory of a countable amount of independent relations. The language
L consists of a countable amount of 1-ari predicates {P; | i € w}. The ax-
ioms consist of the formula 3z (A;c 4 Pi(x) A;ep A= Pi(x)) for each couple
A, B of finite and disjoint subset of w.

FEzercise 5.3.4. 1. Let M, N be given (|L| + Ro)T-saturated with M = N.
Prove that there is a system of partial isomorphisms constituted by iso-
morphism between substructures of M and N respectively (Hint: consider
all the isomorphisms between elementary substructures of M and N re-
spectively, of cardinal at most |L| + N).

2. Prove that T is complete iff given M, N, two (|L|+Xg) T -saturated models
of T', there is a system of partial isomorphism constituted by isomorphism
between substructures of M and N respectively.

3. State and prove a generalization of point 1 replacing |L|+ Ry by any given
cardinal A with A > |L| + No.

5.4 Elimination of quantifiers

In the literature there is some confusion of what exactly means ‘Elimination of
Quantifiers’. In a rather informal way it is said that a theory 7' ‘Elimination of
Quantifiers’ (or has Quantifier Elimination, Q.E.) if any formula is equivalent,
modulo T, to a quantifier-free formula. This is may be stated more precisely
the following way:

Definition 5.4.1 (Q.E. first definition). A theory T has Quantifier Elim-
tnation if for every formula ¢, there is a formula ¢ without quantifiers such
that T = ¢ <> ¢ L.

Observe that we do not claim anything about the free variables of the for-
mulas ¢ and . A priori it may occur that ¢ has more free variables that

©.
Sometimes Q.E. is stated asking that v has the same free variables as ¢:

Lfor those who do not like free variables beside the symbol |=: this is equivalent to T' =
VZ(p > 1), where T is the set of all free variables in the formula ¢ <> 1)
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Definition 5.4.2 (Q.E. second definition). A theory T has Quantifier Elimi-
nation if for every formula ¢ = ¢(T), where T is a nonempty tuple of variables,
there is a formula 1) = (%) without quantifiers such that T |= o(Z) > (T) 2.

Observe that in this second definition we exclude the empty tuple z. Of
course any sentence ¢ has at most one free variable, hence by the second defi-
nition, it is equivalent to a quantifier-free formula ¢ (x) with (at most) one free
variable . But we cannot conclude that ¢ is equivalent to a quantifier-free
sentence! For instance, if there are not constants in the language there are no
quantifier-free sentences! But in fact this is the only obstruction as point 2 of
next proposition shows.

Proposition 5.4.3. 1. The above definitions of Q.E. are equivalent.

2. If T has Q.E. and the language has a constant, then any sentence is equiv-
alent modulo T to a quantifier-free sentence.

Proof. We start by proving that the first definition implies the second. Let
o(x1,...,xy,) be any formula with z1,..., 2, a non-empty (i.e. n > 0) tuple of

variables. By hypothesis there is some quantifier-free formula ¢ (1, ..., Zpn, y1, - - -

equivalent to ¢ mod T (more precisely T' = ¢ <> ). It is easily seen that then
p(x1,...,zy,) is equivalent mod T to the formula ¢ (z1,...,2n, T1,...,21).

Conversely, it only remains to cover the case where ¢ is a sentence. But
then we can apply the second definition to the formula ¢ Az = x (equivalent to
¢ mod T)).

For the proof of 2, let ¢ be any sentence and let ¥ (y1, - .., ym) be a quantifier-
free formula equivalent to ¢ modulo 7. Then it is easily seen that ¢ is also
equivalent mod T to ¥ (c,...,c), were c¢ is any constant of the language. O

The next exercise shows that in order to eliminates quantifiers it is enough
to eliminate a single quantifier:

Ezercise 5.4.4. Let T be a theory. Show that the following are equivalent:
1. T has Q.E.

2. Each existential formula with a single existential quantifier (i.e., of type
Jzep with + quantifier-free) is equivalent, modulo T, to quantifier-free
formula.

3. For every formula Jyp(T,y), where T is a nonempty tuple of variables,
and ¢(T,y) is quantifier-free, there is a formula ¢ (%) without quantifiers
such that T' = o(Z) < ().

Definition 5.4.5. If @ is a tuple of elements of M, the atomic type of a (over
the empty set), that we will denote by atp™(a) (or atp™(@/0)) is the set of
atomic or negations of atomic formulas that @ satisfies:

atp(a) = {¢(%) € L | ¢ is atomic or negation of atomic and M = (@)} .

2this is equivalent to T |= VZ(p(Z) + ¥(T))

 Ym)
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The following criterion will be use later several times.

Proposition 5.4.6. A theory T eliminates quantifiers iff given M, N models
of T and any non empty finite tuples a,b of M and N respectively such that
atp™ (@) = atp™ (b) then also tp™ (@) = tp™(b).

Proof. The implication from left to right is easy. We concentrate in the converse
one. Given ¢(T), where T is a non empty tuple, we consider

U(Z) = {¢(Z) | ¥(T) does not have quantifiers and T = ¢(T) — ¥(T)}.

By compactness everything is reduced to prove that T'U ¥(Z) = ¢(T). Let M
be a model of T and @ be a tuple of M that realizes ¥(Z). We have to show
that M = ¢(a).

We claim that T U atp™ (@) U {¢(F)} is consistent (we assume that the type
atpM (@) is written using 7 as free variables). Otherwise we would have that
TU{p@)} E ~ A, ¢:(T) for certain 1;(T) € atp™ (@). This would imply that
A, ¢i(T) € ¥(Z) and therefore M = = A, ¢;(a). This is absurd, since
each 1;(T) is satisfied by @.

As TUatpM (@) U{p(F)} is consistent, there is a model N of T and a tuple b
of M that realizes atp™ (@) U {¢(Z)}. Then @ and b have the same atomic type
(over empty) and by hypothesis they also have the same type (complete and
over the empty set). Then M |= ¢(a), since N = o(b). O

Proposition 5.4.6 has a useful straightforward generalization:

Exercise 5.4.7. Let T be a fixed nonempty finite tuple of variables and let A be
a nonempty subset of Lz. The A-type of a tuple @ of a model M is defined by
tpa(@) = {p(T) | ¢ € A and M |= p(@)} Prove that they are equivalent:

1. For every given formula ¢(Z) (where T is a non empty tuple of variables)
there exists a boolean combination ¢(Z) of A-formulas such that T |

o(T) < P(T)
2. Given a pair M, N of models of T" and tuples @, b of M and N respectively
such that tpX (@) = tpX (b) then also tp™ (@) = tp™ (b).
The following exercise shows that Q.E. may be easily achieved by adding,
for each formula, a new relation and its definition.

Exercise 5.4.8. Let T be a theory in the language L. Consider the following
expansion of the language: for each L-formula ¢(Z) add a new relation R,
whose arity is the length of Z. Consider the theory 7" obtained by adding the
axioms VZ(¢(T) <» R(T)) (for each L-formula ¢(T)) to T. Prove that

1. Each model of T has a unique expansion to a model of T”.
2. If p is an L-sentence and T |= ¢ then T = .
3. for every ¢(T) € L' there is ¢(T) € L such that T |= ¢(T) <> ¢(T)
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4. T’ eliminates quantifiers.

This exercise shows that every theory eliminates quantifiers in an appropriate
definitional expansion. A definitional expansion of T is a theory 7" in an ex-
pansion L’ of the language L satisfying 1, 2 and 3.

5.5 Partial isomorphism and Q.E.

Now we will give a modification of proposition 5.3.2 that is useful to prove
elimination of quantifiers.

Let M be a structure. The substructure of M generated by a subset A of
M is the smallest substructure of M containing A. We will denote it by (A),,.
A substructure of M is called finitely generated if it is generated by a finite
subset, i.e., it is of the form (A),, for some finite subset A of M. Observe
that if @ is a (possibly infinite) tuple of elements of M, (a),, has as domain
{t(@) | t(T) term of L}.

Lemma 5.5.1. Let M, N be structures and let @ and b be (possibly infinite)
tuples in M and N respectively. Then the following are equivalent:

1. @ and b have the same atomic type.

2. there is an isomorphism from (@),, to <B> sending @ to b.

N

Proof. 1 implies 2. Under the assumption atp™ (@) = atp™ (b) the map that
sends t(@) > t(b) for every term t is well defined and an isomorphism between
the substructures generated by @ and b. This fact may be easily checked by the
reader.

Conversely, assume there is an isomorphism from (@) ,, to <5>  sending @ to
b. Then, by the homomorphism’s theorem (exercise ??) @ and b have the same

atomic type. O

There are two quite interesting candidates to be a system of partial isomor-
phism. The first one is the set of all isomorphisms between finitely generated
substructures of M and N respectively, denoted by I;,(M, N). The other one
is Io(M, N) = {(a,b) | @,b finite tuples of M and N respectively with the same
atomic type}.

Proposition 5.5.2. Given a theory T the following are equivalent:
1. T is complete and eliminates quantifiers.

2. Any two w-saturated models M, N of T are partially isomorphic via the
set Io(M, N)

3. Any two w-saturated models M, N of T are partially isomorphic via the
set Itq(M,N)
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Proof. 1 = 2. Let M, N be w-saturated models of T'. By eliminates quantifiers
any two nonempty tuples living in models of T" have the same type iff they have
the same atomic type. Therefore Io(M, N) coincides with the set of all finite
elementary maps from M to N. By completeness M and N are elementarily
equivalent. Now proposition 5.3.1 claims that Io(M, N) is a system of partial
isomorphism.

2 = 3. Taking into account lemma 5.5.1, it is easy to check that if Io(M, N)
is a system of partial isomorphism then so is I7,(M, N).

3 = 1. The completeness follows from corollary 5.3.2. For the elimination of
quantifiers we apply the criterion of proposition 5.4.6. Let M, N be models of T'
and @, b be nonempty tuples of M and N respectively. By proposition 2.2.4 we
can suppose that M and N are w-saturated. As atp™ (@) = atp™(b), by lemma
5.5.1 it follows that there is an isomorphism f : (@),, — (@), with f(a) = b.
Then f € I;4(M,N), which is a system of partial isomorphism. By corollary
5.2.2 f is a partial elementary map and therefore @ and b have the same type
over (). O

Ezxample 5.5.3. Applying 5.5.2, in the examples 5.1.4, 5.1.6 and 5.3.3 we have
seen that the following theories eliminate quantifiers:

1. The dense linear orders without endpoints in the language L = {<}.
2. The Random graph in the language L = {R}.

3. The random structure in a finite relational language.

4. The atomless Boolean algebras in the language L = {A,V,0, 1}.

5. The discrete orders without endpoints (the theory of (Z, <)) in the lan-
guage L = {<, s}, where s is the ‘next’ function. There is no Q.E. in the
pure order language (L = {<}).

6. Infinite independent relations in the language L = {P; | i € w}.

Ezercise 5.5.4. Prove the following variation of the proposition 5.5.2. Given a
theory T the following are equivalent:

1. T eliminates quantifiers.

2. Any two w-saturated models M, N of T either they are partially isomor-
phic via Ir,(M, N) or I;4(M,N) is empty.

3. Any two w-saturated models M, N of T either they are partially isomor-
phic via Io(M, N) or Iy(M, N) is empty.

Ezercise 5.5.5. Prove that T is complete and eliminates quantifiers iff given
any two (|L| + Rg)T-saturated models M, N of T, the set of all isomorphism
between substructures of M and N of cardinal at most |L| + Ry is a system
of partial isomorphism. (Hint: for the left to right implication observe Q.E.
implies that isomorphisms between substructures are elementary maps.)
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Ezercise 5.5.6. State and prove a generalization of exercise 5.5.5 replacing |L|+
Ng by any given cardinal A with A > |L| + 8.

Ezercise 5.5.7. 1. Prove that T eliminates quantifiers iff given any two mod-
els M, N of T with N (|L| + Ro)T-saturated, given M; a substructures of
M of cardinal at most |L| 4+ N, given a € M and given an embedding f
of My into N we can extend f to an embedding of M; (a) into N. Here
M (a) denotes the substructure of M generated by M; and a. (Hint:
observe that this is the forth property for the system provided in exercise
5.5.5).

2. Generalize the criteria of point 1 replacing |L| + Xy by any give cadina A
with A > |L| + Rg. (Hint: use 5.5.6 instead of 5.5.5).

Ezercise 5.5.8. In the language that contains a 1-ari function symbol f alone,
we consider the theory T' that says that f is a permutation (bijective). Prove
that 7" eliminates quantifiers. Give all its completions (hint: for each n describe
the number of n-cycles). [To be worked, more hints]

Ezercise 5.5.9. Let L = {P; | i € w} be the language that contains countably
many unary predicates. We will describe all complete theories is this language.




