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triangles where different parameters such as area or perimeter are optimized. We then
study a 3-dimensional version of the problem where we enclose a point set with a cone
of fixed apex angle a.
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1. Introduction

Given a set P = {p1,...,pn} of n points in two or three dimensions, the problem
of computing a geometric structure enclosing the point set while optimizing some
criteria of the enclosing structure such as area, perimeter, surface area or volume
has been widely studied in the literature 2:3:4:56:7:8:10,12,15,17,19,20 Ty this paper,
we are particularly interested in the two dimensional setting where the enclosing
structure is a triangle. The two natural parameters to optimize in this setting are

*Partially supported by projects MEC MTM2006-01267 and DURSI 2005SGR00692.
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the area or the perimeter of the enclosing triangle. Both problems are well-studied
in the literature. For the former, Klee and Laskowski 2 presented an O(nlog?n)
time algorithm to compute the enclosing triangle of minimum area and O’Rourke
et al. 7 improved this to linear, which is optimal. For the latter, De Pano '°
proposed an O(n?) algorithm for computing the enclosing triangle of minimum
perimeter. This was subsequently improved by Chang and Yap ® as well as Aggarwal
and Park 3 culminating in the optimal linear time algorithm of Bhattacharya and
Mukhopadhyay *. In this paper, we study several variants of the problem where the
enclosing structure is not an arbitrary triangle, but an isosceles triangle T'. As we
shall see, this constraint changes the problem. For convenience, we will denote the
apex of an isosceles triangle T by a; the angle at the apex, the apex angle, by «;
the edge opposite the apex referred to as the base edge by b; and the distance from
the apex to the base edge which is the height by h (Figure 1). The orientation of T
is given by a unit vector of the oriented bisector line of «, from base edge to apex,
i.e., by a unit vector perpendicular to the base edge, from b to a. The bisector line
of the apex angle « is the axis of T'.

Figure 1. Notation for isosceles triangle.

The natural criteria to optimize when computing an enclosing isosceles triangle
are the apex angle «, the height h, the perimeter, or the area. Given an isosceles
triangle of fixed apex angle «, 0 < a < 7, one can observe the following.

Observation 1. The enclosing isosceles triangle for P with fized apex angle o of
minimum height h also has minimum area and minimum perimeter.

Perimeter = 2h (tang +4/1+ tan? (;) Area = h? tan%

This is a key difference between the optimization problem with isosceles triangles
versus arbitrary triangles. This leads to the first optimization problem we study:

Problem 1. Given P and a positive constant 0 < o < m, compute the enclosing
1sosceles triangle for P with apex angle o and minimum height h.

Let w(P) be the width of the point set P 1 i.e., the minimum distance between
parallel lines of support passing through an antipodal vertex-edge pair of the convex
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hull of P, CH(P). If the height h, h > w(P), of the enclosing isosceles triangle for
P is fixed, one can observe:

Observation 2. The enclosing isosceles triangle for P with fized height h of min-
imum apex angle o, 0 < a < 7, also has minimum area and minimum perimeter.

This leads to the second optimization problem we study:

Problem 2. Given P and a fixed height h, h > w(P), compute the enclosing
isosceles triangle for P with height h and minimum apex angle c.

We end with an exploration of a 3-dimensional variant of this problem. In this
setting, the enclosing structure is a cone with angle o at the apex and a circular
base, which we call an a-cone. We solve 3-dimensional versions of Problems 1 and 2
with the additional constraint that the orientation of the a-cone is fixed. The general
3-dimensional problem is more difficult since there are more degrees of freedom for
the problem. We elucidate some of these difficulties and conclude with a few open
problems.

2. Enclosing isosceles triangle

Prior to solving Problems 1 and 2, we first investigate a simpler subproblem which
will prove to be useful in the solutions of the other two problems. For simplicity, we
assume that all point in P are in general position.

2.1. Simpler subproblem

Given P, we wish to compute an enclosing isosceles triangle for P with apex angle
«, horizontal base, and minimum height. Since the apex angle is fixed and the
base is horizontal, the two edges of the enclosing isosceles triangle adjacent to the
apex have fixed directions. Both these edges must be tangent to CH(P). Both
these tangents can be computed in O(n) time by computing the supporting lines
forming the corresponding angles with the horizontal line. If the input set is a convex
polygon, then both supporting lines can be computed in O(logn) time 6.

Proposition 1. The enclosing isosceles triangle for P with fized apex angle, hori-
zontal base, and minimum height can be computed in O(n) time.

This simple result immediately gives rise to an approximation scheme.

2.2. Problem 1: PTAS for minimum height

In the following we describe a Polynomial Time Approximation Scheme for Prob-
lem 1. Given P and a fixed angle 0 < a < m, our algorithm finds an enclosing
isosceles triangle with apex angle o whose height is within a multiplicative factor
(1 + ¢) of the optimal height. The running time is O(n) with a constant that de-
pends on a. As « tends to 0 or 7, the running time tends to infinity. We outline
the algorithm below.
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PTAS-algorithm

(1) Choose a set D of orientations on the unit circle so that any orientation d on
the unit circle has some orientation d* € D where the angle between d and d*
is less than §, with

This can be accomplished using O(6~!) uniformly spread orientations.

(2) For each orientation in D, compute the enclosing isosceles triangle for P using
Proposition 1. Return the triangle of minimum height among all computed
enclosing isosceles triangles.

To prove the correctness of this algorithm we will need the following lemma.

Lemma 1. Let T be an isosceles triangle with apex angle o and height h. Let T’
be the isosceles triangle of minimum height h' containing T, with apex angle o, and
base edge tilted by an angle of 6. Then, we have that

W =nh <(2cosa)sinc5 —|—cos6> )

sin o

Proof. Figure 2 shows an isosceles triangle T of height h inside another isosceles
triangle T” tilted by an angle of §. Using elementary trigonometry we can calculate
the height b’ of T’ as follows. By AD we denote the length of segment AD and by
B we denote 3.

XW =XZcosf = (XA+ AP+ PZ)cosf3 =

= (AQ —l—ACcosd—l—PC’tanﬁ) cos 3 =

sin o

(AB sind ADcosé
=(——+
sin « cos 3

+AC’sin(5tanB) cos 3 =

( ADsiné  AD-cosé Al)sinétanﬁ)
= cos 3

cos (3 sin « cos 3 cos B
ADsind —— —

Zﬁ—ﬁ-ADCOS(S-i—ADSiH(Stanﬁ:
sin v

—AD<S,m6 —|—cos6+sin5tanﬂ> —AD<sin6( _1 +tan6> —|—c035> =

S @ sSin «

(. 1 sin 3
= 4D (5111(5 (231115008/8 + cosﬂ) +COS§) o
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02
=AD (sin(5 <1+251nﬂ> + cos 6) =

2sin (G cos 0
1+ 2sin? 1+ 2sin® 9)sin§
:h<sin6(+.bm6)+cosé> :h<( + 51.n 2)sm +cos§> =
sin « sin «
9 _ .
=h <( C(,)S @)sind + cos 6) . 0O
sin «

Figure 2. Isosceles triangle T inside the isosceles triangle T” tilted by an angle of 4.

Theorem 1. The algorithm returns an enclosing isosceles triangle for P with apex
angle o whose height is at most (1 + €) times the optimal height. The running time
of the algorithm is O(n) for any fized «, such that 0 < o < m.

Proof. Consider the axis orientation d of the optimal isosceles triangle T'. At least
one orientation d’ of set D will be within § of d, where § is as defined in Lemma 1.
The optimal isosceles triangle T” over T with axis along d’ will also be an enclosing
isosceles triangle for P. Hence the height of T is an upper bound on the output of
the algorithm. From Lemma 1 and our choice of § this height is less than or equal
to h(cosd + €) which is less than or equal to h(1 + ¢).

The algorithm solves the simpler subproblem O(5~1) times using Proposition 1.
Since §~1 is constant for 0 < a < 7, the running time of the algorithm is O(n). O

We continue by developing an exact algorithm whose running time increases by
a log factor. However, we will show that this is optimal by providing a lower bound.

2.3. Problem 1: minimum height

In this section we solve the first problem exactly. Recall that the input is a set P of
n points in the plane and we want to compute the enclosing isosceles triangle with
fixed apex angle a that has minimum height. Observe that the optimal solution
must have at least one point of P on each edge of the triangle. This reduces the
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search space for the optimal solution. In two dimensions, we define an a-wedge, for
0 < a < m, to be the set of points contained between two rays emanating from
the same point called the apex, with the angle between the two rays being . We
say that an a-wedge is minimal provided that P C a-wedge and each of the rays
contains at least one point of P. The orientation of the a-wedge is given by the
oriented bisector line of a. As a first step, we compute the locus of points L with
the property that for each point x of L, a minimal a-wedge exists with apex at x.

Theorem 2. The locus L of apices of minimal a-wedges for P can be computed
in O(nlogn) time. If P is simple polygon the locus can be computed in O(n) time.
Furthermore, there is a bijection between point of the locus and orientation in the
unit circle.

Proof. To compute L, we first compute CH(P). Note that for each orientation
of an a-wedge, there is exactly one position for which it is minimal. Given a fixed
orientation, if the minimal a-wedge for P only contains p; € C H(P) on one ray and
p; € CH(P) on the other ray, as we rotate the orientation slightly in a clockwise
or counter-clockwise fashion, these two points of contact do not change for minimal
a-wedges in those orientations. It is not until a second point of C'H(P) touches one
of the two rays does the contact point change. Therefore, for a fixed pair of contact
points p; and p;, the locus of apices of minimal a-wedges forms an arc of a circle
since « is fixed (Figure 3a). By modifying the rotating calipers algorithm 1621
can rotate the a-wedge around the convex hull and compute the sequence of at

we

most linear number of circular arcs, which we will call an a-cloud 2°, representing
the set L (Figure 3b).

It is easy to see that there exists a bijection between points in L and orientations
in the unit circle S2. Thus, each circular arc corresponds to an interval of orientations
on S?%; in fact, we will use the same notation [A, B] for both. O

(b)

Figure 3. (a) Arc of circle for the points p; and p;, (b) a-cloud for P.

We next show how to compute an enclosing isosceles triangle for P of minimum
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height where the apex is constrained to lie on a circular arc of the a-cloud. Each of
the sides of the enclosing triangle adjacent to the apex is in contact with at least
one point of CH(P). Let p; and p; be these contact points. As the apex slides over
the circular arc, the base edge of the isosceles triangle is also in contact with a
point, say px. This third point may change multiple times.

Lemma 2. Let [A, B] be a circular arc of the a-cloud where the contact points
of each of the edges of the enclosing triangle are p;,pj,pr € P, respectively. The
height of the enclosing isosceles triangle is a continuous and unimodal function over
[A, B]. This height function has a constant number of mazima and minima.

Proof. Let [A, B] be a circular arc of the a-cloud where the contact points of each
of the edges of the enclosing triangle are p;, p;, px € CH(P), respectively (Figure 4).
As we slide the apex a of the a-wedge from A to B the bisector of a always pass
through the point M which is the midpoint of the circular arc p;p;. Denote by
N the intersection point of the bisector of o and the base edge of the isosceles
triangle. Thus, the height is h = aM + M N. We will see that h is a function of the
rotation-angle of the bisector as a moves from A to B.

First, without loss of generality, assume that [A, B] contains the point D which
defines the diameter DM of the circle with center C' (Figure 4a). Notice that aM =
DM cos+y, where 7 is the angle formed by the bisector and DM, with v being
negative as the apex moves in [B, D], being 0 in D, and being positive in [D, A].
The maximum value of aM is DM. Thus, the function distance aM for a € [A, B]
is a unimodal function of the angle ~.

Second, notice that M, N, and p; form a right angled triangle because the
perpendicularity of Np, and M N (Figure 4b). As we move the apex a from A to
B, the point N moves along a circular arc of the circle with diameter Mpj,. Assume
that [A, B] also contains the point E defined by the intersection of [A, B] with the
line containing Mpy. Then M N = Mpy, cosd, where § is the angle formed by the
bisector with Mpy, with § being negative as the apex moves in [B, E], being 0 in E,
and being positive in [E, A]. The maximum value of M N is Mpj. Thus the function
distance M N for a € [A, B] is a unimodal function of the angle 4.

Third, assume a general case where the relative position of the contact points
is as illustrated in Figure 5, other cases can be handle analogously. We split [A, B|
in three consecutive sub-arcs: [A, E], [E, D], and [D, B]. In [A, E], the height h
is an increasing function because both distances aM and MN are increasing. In
[D, B], the height h is a decreasing function because both distances aM and M N
are decreasing. In [E, D], aM is increasing and M N is decreasing, nevertheless the
height h can be formulated as follows:

h=aN =aM + MN = DM cos(—0) + Mpy cos(—0 + 0y), 0< by < 7/2

h = (DM 4 Mpy, - cosfp) - cos @ + (Mpy, - sinfp) - sinf = ¢y cos + o sin
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Figure 4. Decomposing the height of the a-wedge.

where ¢; and co are positive constant. Taking derivatives of the function, we check
that it has at most a maximum for the value 6; such that tan 6, = ¢s /¢y, which can
be computed in constant time. The local minima are in the extremes F, D.

We conclude that the variation of the height as the apex moves in [A, B] is a
continuous function. For each one of the arcs (or sub-arcs) [A, D], [D, E|], and [E, B
the height function has a maximum and at most two minima on the extremes of
the arc (or sub-arc). Thus, in constant time, we can compute the minimum and
maximum values of the height of the a-wedges with contact points p;, pj, pr. O

Figure 5. Computing the height in a general case.

Remark 1. We can consider the case where the base edge has consecutive contact
points, say Pk, Pk+1, Pk+2, - - - » While apex a moves from A to B. In this case we split
the arc [A, B] into consecutive sub-arcs, one per point, and proceed analogously as
above. Notice that we only have to change the diameter Mpy by Mpy1 and so on.

Theorem 3. Given P and o, 0 < o < , the enclosing isosceles triangle for P with
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apex angle o and minimum (or mazimum) height, minimum area, and minimum
perimeter can be computed in O(nlogn) time. If P is a simple polygon, the running
time is reduced to O(n).

Proof. An enclosing isosceles triangle for P with fixed apex angle o can be seen as
a three-sides caliper. A counting argument shows that the total number of triples
of contact points examined over the whole a-cloud is linear. Since for each triple,
the solution can be found in constant time, the overall complexity of the algorithm
is O(nlogn). Recall Observation 1 for minimum area or perimeter. |

2.4. Problem 2: minimum angle

In this setting, we wish to compute an enclosing isosceles triangle for P of fixed
height h, and minimize the apex angle. If w(P) > h, then the problem has no
solution. If w(P) = h then the solution corresponds to two supporting parallel lines
of CH(P).

In what follows we assume that w(P) < h. We define the width of P with
orientation @ € S%, wz(P), as the distance of the parallel lines of support for P
which are perpendicular to @. This distance over antipodal vertex-vertex pair of
CH(P) is an increasing/decreasing function with respect to the rotation angle. Let
I, = {@ € S* | wz(P) < h}. Clearly, I, consists of a disjoint union of orientation
intervals. Houle and Toussaint '! use the rotating calipers technique for computing
w(P) in O(nlogn) time for P or in O(n) time for a simple polygon. With this
technique, we can compute the variation of wgz(P) for @ € S%. Given h, we can
compute I as the disjoint union of orientation intervals on S? in O(nlogn) time
for P or in O(n) time for a simple polygon.

Lemma 3. I, can be computed in O(nlogn) time for P or in O(n) time for a
stmple polygon.

First, we solve the simpler problem of computing the minimum apex angle if
the orientation and height of the enclosing isosceles triangle for P are fixed.

Lemma 4. The unique enclosing isosceles triangle for P with height h, horizontal
base, and minimum apex angle can be computed in O(nlogn) time. If P is a simple
polygon, the running time is reduced to O(n).

Proof. Suppose that (0,1) € Ij,. The unique enclosing isosceles triangle T' for P
with height h and horizontal base can be computed by the following algorithm.

(1) Compute CH(P).

(2) Let py (p:) be the bottom (top) point in the increasing y-coordinate order of
CH(P). Let p; (p;) be the left (right) most point of C H(P) in the a-coordinate
order. These four points can be computed in O(logn) time from CH(P). The
apex a of T lies in between the points A and B of the line ¢ as in Figure 6,
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otherwise the bisector line on «a is not a vertical line. We split the upper chain
of CH(P) into two chains: let L. (R.) be the upper chain in between p; (p:)
and p; (p,). Notice that a contact point of T" belongs to L. and the other one
belongs to R.. The sizes of L. and R, can be linear.

Figure 6. Isosceles triangle with horizontal base with fixed height h.

(3) Next, we determine an interval [C, D] on ¢ containing the apex a of T such that
C and D define the left and right contact points of T'. Initially [C, D] := [A, B.
Let e; be an edge in R, let r; be the line containing e;, and let ¢; be the
intersection point between ¢ and 7;. Choose e; € R. such that ¢; is within
the current [C, D]. In O(logn) time compute the supporting line I; of CH(P)
passing through c¢; and touching L.; let s; be the slope of the bisector of the
apex angle defined by I; and r;. If s; is negative (positive) do C :=¢; (D = ¢;).
Use binary search to find a new edge e € R, such that the intersection point
between the line containing e and ¢ is within [C, D]. Do e; := e and proceed as
above until the extremes C, D do not change anymore.

(4) From the last [C, D] and the contact points, says p; and p;, we proceed as
follows. Assume that the horizontal line passing through p;, is the z-axis. Let
a = (z,h), C <z <D,p = (x5,y), and p; = (x,y;). In constant time
compute a and « with the equations (1).

« r — X; T; —T

_ _ Lj — T
2 h-yi  h—y’

tan — = ————.
2 2h—(yi+yy)

(1)

Step 1 can be done in O(nlogn) time, if P is a simple polygon we can do this
step in O(n) time. Step 2 can be done in O(logn) time. Step 3 can be done O(log? n)
time because we do a double binary search. Step 4 only needs constant time. The
uniqueness of the enclosing isosceles triangle comes from the unique solution of the
equations (1). O

Remark 2. The step 3 of the above Lemma 4 can be done as follows. Instead of
doing a double binary search to determine the interval [C, D] we take adjacent edges
e; € R. and for each one we compute the intersection point ¢; of r; and ¢ and the
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corresponding supporting line [; from ¢;. The complexity of this step 3 is O(nlogn).
But the overall running time of the algorithm in Lemma 4 for set of points P is still
O(nlogn). We use this remark later.

Next we consider the relationship between the apex angles for different heights.

Lemma 5. Let Ty and T3 be the enclosing isosceles triangles for P for a fized
orientation, and let hy, a1 and ho, ao be the respective heights and apex angles.
Then as < ay if and only if ho > hy.

Proof. Assume that the fixed orientation is the vertical. Let p; = (z;,y;) and
p; = (xj,y;) be the contact points for both T} and T5. If the segment p;p; is
horizontal, the axes of T and 75 are on the same vertical line, otherwise the axis of
T, is on the left (right) of the axis of Th if y; < y; (y; > y;) (Figure 7). The heights
hi and hg can be computed from equations (1). It follows that:

T — X Tj— X
J J <= hg > hy.

(€3] aq
a2<a1<:>tan7 < tan — <

<
2 2hy — (yi +y5)  2h1 — (yi +yy)

ha Di
hy

Ty

T,

Figure 7. Enclosing isosceles triangles with horizontal base and heights h; and ha.

Now, suppose that the apex angle decreases from a; to as and a contact point
of Ty changes from p; to pji1 = (Tj41,Yj41), where z;11 > z; and yj41 < y;
(Figure 8). The following formula holds.
(65 Tj — Ty Tjt1 — T4

tan — = = .
2 2he—(yi tyj)  2h2 — (yi +yj41)

Figure 8. Enclosing isosceles triangles with contact point p; and p;41.
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It follows that as < « if and only is he > hy. Thus, we can proceed in discrete
steps (decreasing the apex angle) as the sides of the enclosing isosceles triangles for
P bumps new contact points and obtaining a sequence of equivalences which prove
the desired result. D

In addition to the property outlined in Lemma 2, we exploit the following two
additional properties of a-clouds which are straightforward consequences from Lem-
mas 2 and 5.

Properties 1. Given two different apex angles a1 and as:

(1) If ay < aa, then the as-cloud for P is contained in the ai-cloud for P (Fig-
ure 9).

(2) The minimum height of the enclosing isosceles triangles for P with apex angle
ag and apexr on the as-cloud is at most the minimum height of all the enclosing
1sosceles triangles for P with apex angle a; and apex on the aq-cloud.

Figure 9. Locus of apices of aj-wedges and as-wedges.

‘We use these properties to design an algorithm for computing the minimum apex
angle « such that the minimum height of all the enclosing isosceles triangles for P
with apices on the a-cloud is exactly h. To initialize the algorithm we compute an
initial solution, say «ag, with the given height h. We concentrate on the circular arc
(or sub-arc) of the ag-cloud for P where the height is minimum. Then, we focus
on orientations on the (clockwise sorted) circular arcs or sub-arcs of a;-clouds for
P where the height is smaller than h, by decreasing the angle «a; till we get the
height A and maintaining always a witness orientation with height h. By exploiting
the properties of clouds outlined above and considering that an enclosing isosceles
triangle is a type of caliper, we are able to extract the enclosing isosceles triangle
with height A and minimum apex angle for all the orientations in S? with the
following algorithm.

Minimum-apex-angle-fixed-height-algorithm

(1) Preprocess. In O(nlogn) time compute CH(P) and sort the points of CH (P)
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in both clockwise and counter-clockwise order. By Lemma 3, in O(n) time we
compute I;. Assume that the vertical orientation ¢ = (0,1) € Ij. The next
steps of the algorithm are restricted to orientations in Ij,.

Initial step. By Lemma 4, in O(n) time we compute the enclosing isosceles
triangle for C'H(P) with horizontal base and height h. Let ag be its apex angle.
By Theorem 3, in O(n) time compute the ap-cloud and the enclosing isosceles
triangle Ty for CH (P) with apex in the ap-cloud and minimum height, say hog,
w(P) < hg < h. If hg = h, we are done.

Suppose that hg < h. By Theorem 3 the height hg corresponds to an ex-
treme, say By, of an arc (or sub-arc) of interval orientation [Ag, By] of the
ap-cloud with a triple of contact points. Let 4 := By, @ € I;. The orientation
(or apex) @ := By is the starting point of the next iteration step.
Clockwise-rotational process. Compute the enclosing isosceles triangle T7 with
orientation # and height h as follows:

(a) By Lemma 5, we increase the height by decreasing the apex angle as we take
(left and right) edges incident to the current contact points. We use Remark
2 and Lemma 4 to compute the apex angle a; of the enclosing isosceles
triangle T with height h and orientation @ by taking adjacent edges on the
right side of the isosceles triangle, and charging the O(logn) time complexity
to each new (right) edge we use. To compute the apex angle oy (smaller than
the current apex angle) and the apex A; of Ty for orientation @ we use the
equations (1).

(b) In constant time compute the next (clockwise) arc or sub-arc [Aj, By] of
the a;-cloud as orientation interval in S? and the height h; of the enclosing
isosceles triangle with apex (or orientation) Bj.

i. If hy > h, then proceed as in step 3(b) while we do a complete round in
S2, otherwise go to step 4.
ii. If hy < h, then do 4 := By and go to step 3 to compute the new apex angle
aq.
Final step. Let ay be the last computed value for the apex angle after a complete
round of orientations in S?. In linear time we compute the a;-cloud for C H(P).
Then the minimum height for the enclosing isosceles triangles with apices on
this aj-cloud is h and it can only be obtained in the extremes of the arcs or
sub-arcs of the cloud, and therefore at most a linear number of times.

Theorem 4. Given P and a fixed value h, the enclosing isosceles triangle with
height h and minimum apex angle (if it exists), minimum perimeter, and minimum
area, can be computed in O(nlogn) time.

Proof. The algorithm above solves the problem in O(nlogn) time. Step 1 can be

done in O(nlogn). By Lemma 4 and Theorem 3, step 2 can be done in O(n). Step

3 can be done in O(nlogn) time since we charge the O(logn) complexity to the

(right) visited edges in the clockwise rotational process, as a caliper which rotates
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clockwise each time with smaller or equal apex angle. Finally, by Theorem 3, step 4
can be done in O(n) time. Recall the Observation 2 for minimum area or perimeter)

2.5. Lower bounds

Theorem 5. Given P and o, 0 < a < 7, computing the enclosing isosceles triangle
for P with apex angle o and minimum height, minimum perimeter, and minimum
area, requires (nlogn) operations in the algebraic computation tree model.

Proof. We use a reduction to Max-Gap problem for points in the first quadrant
on the unit circle 1318 to show an Q(nlogn) time lower bound for the problem of
computing the minimum height of an enclosing isosceles triangle with fixed apex
angle a.

The reduction is as follows. Let Z = {z1,...,2,} be an instance of the Max-Gap
problem for points on the first quadrant of the unit circle centered at the origin of
the coordinates system, where z; = (z;,y;), for ¢ = 1,...,n. In O(n) time we can
compute the first, the second, the penultimate, and the last point of Z in the x-
coordinate order; without loss of generality we can assume that zy, zo, z,_1, and
zn, are these points of Z, respectively. Furthermore, we can assume that z; = (0, 1).

30

Figure 10. Lower bound construction for the enclosing isosceles triangle with given height and
minimum apex angle.

Make two copies of Z on the unit circle by rotating clockwise the points of Z
by %” and %’r, respectively, as it is shown in Figure 10. Let Z' = {21,...,2,} and
Z" ={z{,..., 2} be the points of the two copies. Notice that the rotation of each
point can be done in constant time. We put a point a at the intersection point of
the line passing through the points z,_1 and z,, and the line passing through the
points z; and z5. We put a point b at the intersection point of the line passing
through the points z/,_; and z/,, and the line passing through the points z{ and z5.
Finally, we put a point ¢ at the intersection point of the line passing through the
points z!/_; and 2!/, and the line passing through the points z; and z5. Now, let P
be the set of all these 3n+3 points, i.e., P = ZUZ'UZ"U{a,b, c}. The three points
{a, b, c} force that each one of the three sides of the minimum (in height) enclosing
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isosceles triangle for P contains two points of Z, Z' and Z” since we can always
rotate the isosceles triangle decreasing its height till each side share two points of
P.

Now, by construction, the minimum (in height) enclosing isosceles triangle for
P has to be an equilateral triangle such that each of the sides pass through two
consecutive points of P. In fact, the enclosing equilateral triangle can be thought
as a caliper with three sides.

Because the problem of the minimum height for equilateral triangle is equiva-
lent to minimum perimeter problem, each side of the minimum enclosing equilateral
triangle has to contain two consecutive points of Z, of Z’, and of Z” defining the
maximum gap for Z, Z’, and Z"”. Since the Max-Gap problem for points in the first
quadrant on the unit circle requires 2(nlogn) operations in the algebraic computa-
tion tree model 318, the theorem follows. Recall Observation 1 for minimum area
or perimeter. O

Theorem 6. Given P and a height h, computing the enclosing isosceles triangle
with height h containing P with minimum apex angle o, 0 < a < 7, minimum
perimeter, and minimum area requires Q(nlogn) operations in the algebraic com-
putation tree model.

Proof. We use the same construction as in Theorem 5, therefore we use the same
set of points P = Z U Z' U Z" U {a,b,c} but using a reduction to the problem of
deciding whether the Max-Gap(Z) is greater than or equal to a given positive value
€, which is part of the input. Thus, given an instance Z and € > 0, let h = %\/4 — €2
This formula can be obtained from the triangles in Figure 10 since

R N (Er A EFET R L e

Now we compute the enclosing isosceles triangle for P with height h and min-
imum apex angle. By construction, it is clear that if Max-Gap(Z)< €, then any
enclosing isosceles (equilateral) triangle has height > h, i.e., there exists no solu-
tion. On the other hand, if Max-Gap(Z)> e, then there exists an enclosing isosceles
(equilateral) triangle with height h which three contact points of C H(P) are one of
the extremes of an interval defining a gap > € in Z.

Since the Max-Gap(Z)> € problem for a point set Z in the first quadrant on the
unit circle requires 2(n logn) operations in the algebraic computation tree model !,
the theorem follows. Recall Observation 2 for minimum area or perimeter. O

3. a-cones

In this section we consider a three dimensional variant of the problems defined in
the introduction. Let P be a set of n points in R3. We assume that the points
are in general position. Recall, that the enclosing structure is a cone with angle «
at the apex and a circular base (Figure 11). We will call this an a-cone. We wish
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to compute an enclosing a-cone whose base is contained in a horizontal plane with
minimum height. This is the 3-dimensional problem equivalent to the 2-dimensional
problem addressed in Subsection 2.1. In the optimal solution, excluding the base of
the cone, only the vertices of the upper hull of CH(P) can be in contact with the
cone. We proceed as follows.

polyhedron

Figure 11. Putting an a-cone to a convex polyhedron.

(1) Let H be a horizontal plane such that P is above H. For each p; € P compute
a vertical a-cone with apex p;. Compute the intersection of these a-cones with
H, resulting in n circles with different radii (Figure 12).

(2) Compute the smallest enclosing circle C” for this set of circles. C’ has at least
three (in some cases two) contact points. Knowing the center and radius of C’,
we can compute the apex of the vertical a-cone of minimum height. Computing
the smallest enclosing circle of a set of circles can be done in linear time 4.

@

Figure 12. Computing a vertical a-cone.

In the 0-cone the apex goes to infinity and thus, the 0-cone can be interpreted
as a cylinder, i.e., the smallest enclosing vertical cylinder, which can be computed
as follows: project the points on the plane H and compute the center ¢ and the
radius r of the smallest enclosing circle of the projecting points in linear time. The



20th May 2009 15:39 WSPC/Guidelines Enclosing-isosceles-triangle

On computing enclosing isosceles triangles and related problems 17

axis of the smallest enclosing vertical cylinder is the vertical line passing through c
and the radius is r.

The m-cone can be interpreted as a horizontal plane passing through the point
of P with the biggest z-coordinate, which can be computed in linear time. Notice
that for any given orientation there always exists an a-cone in that orientation. The
a-cone with minimum height has at least one point on its base. We conclude with
the following.

Theorem 7. Given P and «, 0 < o < 7, the a-cone enclosing P with horizontal
base and minimum height can be computed in linear time.

The problem of computing the a-cone enclosing P of minimum height with
horizontal base and the problem of computing the smallest enclosing circle for a set
of n circles in 2D are equivalent problems in the following sense:

e An instance of the first problem for a point set in 3-dimension can be converted
in an instance of the smallest enclosing circle just following the steps above.

e On the other hand, given an instance of the smallest enclosing circle, i.e., a set
of n circles in a plane H, then we do the following.

(1) For each circle C; with center ¢; = (a;, b;) and radius r;, compute the point
(above H) located in a point p; on the vertical line passing through the
center ¢; and such that the angle formed by the segment p;c; and the radius
r; is a (Figure 12).

(2) In this way we obtain a set of n points P = {p1,...,p,} in 3-dimension
such that if we compute the a-cone enclosing P with horizontal base and
minimum height and project its apex on the plane H containing the circles,
then the projected point is the center of the smallest enclosing circle for the
set of circles.

3.1. Problem 1: PTAS for minimum height

We describe a Polynomial Time Approximation Scheme for Problem 1, which is an
extension of the 2-dimension algorithm. Given P and «, 0 < a < 7, the algorithm
finds an enclosing a-cone with apex angle o whose height is within a multiplicative
factor (1 + €) of the optimal height. The running time is O(n) with a constant that
depends on . As « tends to 0 or m, the running time tends to infinity. We describe
the algorithm below.

3-dimension-PTAS-algorithm

(1) Choose a set S of orientations on the unit sphere so that any orientation d on
the unit sphere has some orientation d* € S where the angle between d and d*
is less than §, with

. esin «
sind = —.
2 —cosa
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This can be accomplished using O(6~2) orientations as follows. Consider a sys-
tem of longitudes and latitudes on the unit sphere such that successive longi-
tudes and latitudes differ by an angle of §. Consider S to be the set of orienta-
tions defined by the intersections of these longitudes and latitudes.

(2) For each orientation in S, compute the enclosing a-cone of minimum height
using Theorem 7. Return the enclosing a-cone of minimum height among all
computed enclosing a-cones.

To prove the correctness of this algorithm we will need the following lemma.

Lemma 6. Let C' be an a-cone with apex angle o and height h. Let C' be the a-
cone of minimum height h' containing C, with apex angle o, and circular base tilted
by an angle of 5. Then, we have that

W= h ((2—cosa)sin5 —|—cos§> .

sin o

Proof. Figure 13 shows an a-cone C' of height h inside another a-cone C’ tilted
by an angle of § radians. The only thing we have to prove is that the axes lines ¢
and /5 of the two a-cones intersect in a common point. Then the intersection of the
two cones with the plane defined by the lines ¢; and ¢5 produces two tilted isosceles
triangles T and 7" as in Figure 2 for the 2 dimensional case. Therefore applying the
same reasoning we can calculate the height of the outer a-cone to be
W= h <(2 —cosa)sing o 5) .
sin a

In order to prove that the lines 1 and /5 intersect in a common point, we do
the following. Let H be the plane containing the base circle of the a-cone C'. The
intersection between plane H and the a-cone C’ is an ellipse which contains the
base circle of the a-cone C' (see Figure 13). The circle is tangent to the ellipse in
two points A, B, which are symmetric with respect to the large axis of the ellipse,
EF. This fact can be proved by taking the normals of the supporting lines of the
circle in this two points and showing that its intersection point is in the large axis
EF of the ellipse because otherwise we get a contradiction. As a consequence, we
get that the axes lines /1 and ¢5 of the two a-cones intersect in a common point and
define a plane which is the plane perpendicular to the segment AB and contains
the large axis EF of the ellipse. |

Theorem 8. The 3-dimension algorithm returns an enclosing a-cone whose height
is within a multiplicative factor (1 + €) of the optimal height. The running time of
the algorithm is O(n) for any fixed o, such that 0 < a < .

Proof. Same as for Theorem 1 except that the 3-dimension algorithm applies The-
orem 7 O(672) times. Consider the axis orientation d of the optimal a-cone C.
At least one orientation d’ of set S will be within § of d, where § is as defined in
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3:%

e

Figure 13. a-cone C inside the a-cone C’ tilted by an angle of 6.

Lemma 6. The optimal a-cone C’ over C with axis along d’ will also be an a-cone
for the given point set. Hence the height of C’ is an upper bound on the output of
the algorithm. From Lemma 6 and our choice of § this height is less than or equal
to h(e 4 cosd) which is less than or equal to h(e + 1).

Thus the algorithm solves the simpler subproblem O(§~2) times using using
Theorem 7. Since 62 is constant for 0 < a < 7, the running time of the algorithm
is O(n). |

We conclude with the following two open questions.

Question 3.1. Given a set P of n points in 3-dimension and an apex angle «,
efficiently compute the apex and the direction of the a-cone for P with minimum
height.

Notice that for any fixed orientation of the a-cone there always exists a solution.
For a = 0, the apex of the cone goes to infinity and the problem becomes the
computation of the smallest enclosing cylinder for the set P (see 27 for several
works on this problem). For a = 7, the conic body of the cone becomes a plane
through a point of P and the minimum height corresponds to the distance of the
parallel supporting planes of P which define the width of P (see ?'!! for the problem
of computing the width of a set of points in three dimensions).

Notice that the solution of this problem in the two dimensional setting was
an a-cloud which can be thought as the upper envelope of the set of at most a
linear number of circles defined by the contact points and the value a (Figures 3
and 9). Similarly, the solution for the three dimensional setting is the upper envelope
of spherical surfaces. Therefore the problem is reduced to computing all the (at
most O(n?)) triples of contact points, the corresponding surfaces, and their upper
envelope. Then, the additional step remaining is how to compute the a-cone with
minimum height.

Question 3.2. Given a set P of n points in 3-dimension and a height h, efficiently
compute the apex and the direction of the a-cone with height A and minimum
aperture angle.
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We observe the following about the above open problem. Solutions exist only

for those orientation @ such that wgz(P) < h. The simpler subproblem to compute
a vertical a-cone with a given height h and minimum apex angle «, can be solved
in constant time if we know three contact points.
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