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Fractional filtration equation

w4+ (=) (pu)) =0, x€Q, t>0

u(-,0) =f € LY(Q)

O<o<2
» DOMAIN: Q =R" or Q bounded
> BOUNDARY DATA (2 BOUNDED): u=0, x€0Q,t>0

» NON-LINEARITIES: ¢ continuous, non-decreasing, ¢(0) =0
() = [ul""u, m >0

e Examples:
p(u) =log(1+u), f=0
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(~A)"

A non-negative, self-adjoint, linear operator

%0 d
A%u(x) = F(ia) /0 (e u(x) — u(x)) ﬂ%

1 o0 dt
A\ = N A
: I'(—a) /0 <e ) i+’ >0
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Non-local operator

Q=RN
> F((—2)7%u) (&) = I€]° F(u)(€)

> (—A)2u(x) = Cy ,PV. u(x) — u(y)
( ) M(X) CN, RN ‘X—y|N+U dy
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Non-local operator

Q=RVN
> F((—2)7%u) (&) = I€]° F(u)(€)

> (—A)2u(x) = Cy ,PV. u(x) — u(y)
( ) M(X) CN, RN ‘X—y|N+U dy

2 bounded, homogeneous Dirichlet B. C.

o)

Pu:ZMk(ﬁk = 0/2 Z)\/ukﬁék

k=1

_A¢k = Ak(b/w X € Qa
¢k =0, x € 08
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Motivation

¢ Non-linear generalization of the fractional heat equation

w + (=AY Pu=0

» Non-local generalization of the filtration equation
up — Alp(u)) =0

(Other possible generalizations [Caffarelli-Vazquez, 2009])

¢ Hydrodynamic limit of zero range processes [Jara, 2009]
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Random walk

A jump process

» u(x,1): probability of lying at x € hZV
/p attimer e 7Z.
/ > K(k — j): probability of jumping from
/ hk 1o hj in a time unit 7.
o > ux,t+7) =Y K(k)u(x+ hk, 1)
kezZN

u(x, 1 +7) —ulx, 1) _ > Kik) (u(x + bk, 1) — u(x, 1))

p
keZN

» Jumps only to closest neighbours, 7 = > — 0 = Heat equation
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Random walk with long jumps

> K(z) = Cnolz|~NF9), o€ (0,2)

» 7 =h: @
-

= WV IC(hk)

> u(x, t+ TT) — u(x, 1) — N Z KC(hk) (u(x+ hk) — u(x))
keZN

T=h"—0

u = PV [on K(2) (u(x +2) — u(x)) dz

u(x +z) — u(x)

= CnoPV.
N.o R |z[N+o

-

dz

—(=2)u(x)
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Mild solution

» THEOREM [Crandall-Pierre, 1982]: A linear operator such that

u; + Au = 0,

3 mild solution (ITD): { w0)=f el

+
conditions on ¢

4

Uz +A90(u) = 07

3 mild solution: { u(0) =f € L!

» Abstract construction =

¢ Not enough information to prove that mild = weak.
¢ No estimates = No further properties.
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Integration by parts / Functional space

_AYo/2 — T a/251€19/24))
> [ earte = [ red= [ ierRslery

= [ Ayt -yt
RN
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Integration by parts / Functional space

_ ANG/2 _ o /2. 1¢10/2,0
> [ artes = [ red = [ ertelee

- / (=AY (—A) 4y
RN

1/2
lellaon = ([ leFloPas) = I-a)"la

> 1/2

= </RN <CN7UP.V. - Wdy>2 dx)
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Weak/strong solutions

Weak (L!-energy) solution
o u e C([0,00) : L'(RY)), p(u) € Lf,.((0,00) : HT/*(RV))

/ /RN”‘WS— / /IR A) 4 (p(u)) (— )74 duds = 0,

Vi € CLRN x (0, 00))

e u(-,0)=f a.e.
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Weak/strong solutions

Weak (L!-energy) solution
u € C([0,00) : L'(RY)), p(u) € L, ((0,00) : H7/2(RY))

./ /RNudxds—/ /RN A4 (p(u)) (—A) 44 dxds = 0,

Vi € CLRN x (0, 00))

e u(-,0)=f a.e.

Strong solution

Weak (L'-energy) solution

O € L (RN x (0,00)) + ...
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Difficulties

> (—A)7 (o) =7

> (~A)7 A (po ) =7

> (—A)?/*y not compactly supported even when v is

e (—A)?/* non-local operator
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o-harmonic extension [Caffarelli-Silvestre, 2007]

L,v =div(y!=7Vv) =0, RN'H {x e RN,y >0}
v=E(g):
v(x,0) = g(x), xeRN

o

S e) = [ P €nsOdE Py) = dvo ot

> lim y' 77— = ¢ lim
y—0F 'y y—0F b
. P(x—&,) odn o 2
=0l ’ d¢ = 2 (—A)7/
7 tim [ P80 () ) de =~ (-
A lim y'=° Y —(—A)"/Zg
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An equivalent local problem

Low =0, (x,y) € ]lerl, t>0,
ow  9p~H(w)

A S S RV.y=0,r>0
aya- 8t ) 'xE 7y b )
w = o(f), x€RN y=0,r=0.

» Some proofs (e.g. existence) may be easier in this formulation!

» Dynamical boundary conditions (Amann, Escher, Fila, Vitillaro, ...)
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Weak solution (local problem)
Weak (L'-energy) solution

o uc C([0,00) : L"(RY)), w € L2 ((0,00) :X"(R]frl));

loc

0/ / uawdxds—ug/ / YITO(Vw, V) dxdyds = 0,
o Jrv Ot o JrYH

Vi € C) (@ % (0, oo));

e u(-,0)=fa.e.

1/2
_ 1—0o 2
> ||v]|xe = (ug /RNHy Vv dxdy)

+
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Extension / trace operators

> E: H7/2(RY) — X°(R[*!) isometry [Caffarelli-Silvestre, 2007]
> o [V OTER).VEW) = [ (~A)T (-
RY+! RN

> TI'(‘I’]) = Tr(\Ifz)

l—o _ 1—0o
Lo 0B v = [V, Vi)
+ +
> Tr: X7 (RY™) — H?/2(RV) surjective and continuous

> TRACE EMBEDDING: || ®|/xc > [|E(Tt(®))|[xe = || Tr(®)|| o2
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Fernando Quir6s

Stroock-Varopoulos inequality, 0 = 2

Lemeaw = [ v

- / o P
RN

= [ IveoP

:/RN
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Fernando Quir6s

Stroock-Varopoulos inequality, 0 = 2

Lemeaw = [ v
= [ R

= [ IveoP

:/RN

Seminari d’equacions en derivades parcials i aplicacions

2

(—2)" 25 ()

FME-UPC, Barcelona, 26-1-2012



_ Stroock-Varopoulos inequality, 0 < ¢ < 2 [S, 1984], [V, 1985]

2

Thu: o = (02 = [ w0 W%>ANPM”WM

/ ql}(V)(_A)U/Zv f— (_A)U/4¢(V)(—A)o—/4v
RV o
= Ho | . IZ(VE@(v)), VE(»))

YTy (VE®), VE())

= ,LLO'
+1

£=

1—0o 2
2 THE)

= ,LLO'

e

Fernando Quirés Seminari d’equacions en derivades parcials i aplicacions FME-UPC, Barcelona, 26-1-2012 17

T 5

(—a)w)[

Y




_ Stroock-Varopoulos inequality, 0 < ¢ < 2 [S, 1984], [V, 1985]

2

Thu: o = (02 = [ w0 W%>ANPM”WM

/ ql}(V)(_A)U/Zv f— (_A)U/4¢(V)(—A)o—/4v
RV BN
= Ho | . =9(Vy(E(W)), VE(W))

YTy (VE®), VE())

= ,LLO'
+1

£=

1—0o 2
2 THE)

= ,LLO'

e
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_ Stroock-Varopoulos inequality, 0 < ¢ < 2 [S, 1984], [V, 1985]

2

Thu: o = (1) = [ w01 [t

/ ql}(V)(_A)U/Zv f— (_A)U/4¢(V)(—A)o—/4v
RV RN
= Ho | . =7 (Vy(E(v)), VE(V))

Y77 (VE®W), VE())

= |l »

£=

1—0o 2
2 THE)

= ,LLO'

e
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_ Stroock-Varopoulos inequality, 0 < ¢ < 2 [S, 1984], [V, 1985]

2

Thu: o = (1) > [ p0)-a)1 "> /R RENET

Looearts = [ aytueeay

RN

LT VO(ER), VEW))

= ,LLO'

WV ER), VEW))

= ,LLO'

= ,LLO'

Ja
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_____ A pointwise inequality [Cordoba-Cordoba, 2003]

» Local case: ¢ (u) > 0.

o (~A)(9() = —¢"(u) |Vul* + ¢/ (u)(~A)u
¢ (u) (= A)u

AN
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_____ A pointwise inequality [Cordoba-Cordoba, 2003]

» Local case: ¢ (u) > 0.

o (~A)(9() = —¢"(u) |Vul* + ¢/ (u)(~A)u
¢ (u) (= A)u

AN

» Non-local case: ¢ convex

° P(u(y)) = du(x)) + ¢ (u(x)) (u(y) — u(x))

o (CAPPGW)W — Cy Ry, [ SOl

RV |x — y|N+e

, u(x) — u(y)
< FWCroPV. | T dy

= ¢'(u(x)(—=2)7u(x)
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Hardy-Littlewood-Sobolev’s inequality
THEOREM [H-L, 1928], [S, 1938]: 0 < 0 < min{2,N}
\
16 v < CI(-8)"lla,  (HRY) — LT (RY))
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Fernando Quir6s

Hardy-Littlewood-Sobolev’s inequality
THEOREM [H-L, 1928], [S, 1938]: 0 < 0 < min{2,N}
\
I8l 2 < CU(=2)"*l2,  (HXRY) — L= (RY))

» Riesz potential: 0 < o < N,

. B (y)d
((~ayPe) =c [ S0

N x—y[re

> HLS inequality: 1 < p < oo, —

- o
a N
1(—A) = 2glly < Apgliglly

ASEEC
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Fernando Quir6s

Hardy-Littlewood-Sobolev’s inequality
THEOREM [H-L, 1928], [S, 1938]: 0 < 0 < min{2,N}
\
I8l 2 < CU(=2)"*l2,  (HXRY) — L= (RY))

» Riesz potential: 0 < o < N,

. B (y)d
((~ayPe) =c [ S0

N x—y[re

> HLS inequality: 1 < p < oo, —

- o
a N
1(—A) = 2glly < Apgliglly

ASEEC

1=N<o<2?
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Potential spaces: £/ (R")

» Bessel potentials [Aronszajn-Smith, 1961], [Calderon, 1961]:
o Ju(g) = (I—A)g
o Ja@) =Gaxg,  Ga(€) = (14|50
o [Galli=1,  [Vale)llp < llglly

» Bessel potential spaces: L5, (RN) = J, (L7 (RN))
o ¢ =1Jalg) = lIollc, = llglly

» THEOREM [Stein, 1961]:
o pcLo(RY) & ¢, (~A)*2¢ € IP(RY)
o [dllzn ~ 8l + I(=2)"¢]|,
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Morrey-Sobolev imbedding
> HYRY) = L2(RY)
= {p e LPRY): (1+[¢)*2 ¢ € LX(RY)}
THEOREM: 2>0>N=1, ¢¢€H/?(RY)

Y
¢ € CRY),  [[lloo < Clllgor2(rmy

; (1+[€P)7/*[3(8)]
./RNras)!azg /R e ae
_de e )
(/RN (1+yg|2)§> (/RN(”KI) |6(6) df)
¢ 19117072 vy
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Classical Nash inequality [Nash, 1958]

THEOREM: 0< o0 <2, ¢ L'(RY)NH/>RN)

(2
1+2 o/N
16l < CllIT™ 18]l jgo 2

[ ] 7 2 —0 ol 2 . 2
L G [ lerid@ids < ;o IolR

[€1>p

. / BOP dE < wnp" 162
|€]<p

o 19112 = 19112 < o~ lI6]1F02 +wnp 0113
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A new Nash type inequality [dPQRYV, to appear]

THEOREM: 0 <o <2, ¢ e LP(RV)nH/2(RN)

\
1+£
18]l w3 < ClONE 1l o2
2N—o

» Stroock-Varopoulos: / P (—A)5¢p > C/
RN RN

» Hardy-Littlewood-Sobolev: /
RN

> Holder: / 65 (—A)5 ¢ < 1B 16l o2
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A Trudinger type inequality [Strichartz, 1972]

THEOREM: [|¢lli2my <1 = /(e¢2<x> —1)dx<C
R

» Nash:

* |4l

* ol

P <l (=a)"ol3 ol

2% < k1| (=) 46 25D 16112

2, 21
»/R(M()_de = kz:;k!/quy‘(x)dx

Fernando Quir6s

k1| (—A) 1 Ag) kD

o112

- k—1)!

= el l5 | g2
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Gagliardo type norms [Gagliardo, 1957]

_ 2
> < Ha/z(RN) & ¢ e LX(RV), //RN i, dedy < 00

> 1161 orn ~ 6]z + / / [60) =60 ;0
H RN xRN |X— |N+U

o fav oG+ ) —g()Pde = [ le™t — 1P6(6) dé
= Juwsin? (%) I6(0) de

o Jfrvry SR dvdy = fou 136 ( S Slﬁ,wﬂ)dh) de
= C f lEI710(6) 2 de

» COROLLARY: ¢ € H72(RV), ¢ € S(RY) =  ¢1p € H/2(RY)
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Besov spaces [Besov, 1961]

» 17 modulus of continuity: wy(t) = ||¢(x + 1) — ¢(x)||,

(2 12
>£§—{f€L2(RN):</]RN(|t|IZV(i)QL) <oo}

1/
» BESOV SPACES : AP = {f e I”(RM) : </ Wdt) ! < oo}
RN

N+ag
> Theorem:1l<p<oo, O0<a<l
ch c AP AB? P, p>2

e VN U N p<2
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An application: smoothing effect

u; + (—A)"/z(um) =0,
» u strong solution to , m>0
u(-,0) =f € L'(RV) N L (RY)

THEOREM: p > max{l,(1 —m)N/o}

4

sup [u(x,7)| < C¢~N/Nen=D+op) || op/(Nem=1)+op)
XERN
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Smoothing effect: proof (Moser’s iteration)
» Multiply by «”~!, integrate on RN x (&, txy1), tx = (1 — 27)r:

Tk41
/ upk tk Pk/ / ‘7/2 )upk_] + / MPk(.’ tk-H)
RN RN RN

I 4 Dtmel 5
ZC/ I(=A)"*u™=—(-,7)|3dr  (Stroock-Varopoulos)

13

C Tk+1 g ptne
> W/ (-, ) [[PE][ (= A) M7 (-, 7)|2 dr (LP-decay)
’ Pk J 1

k41
C)’ / [ua (-, )Hi’z’;:;’fmll) dr (Nash-Gagliardo-Nirenberg)

|| (1 ptm
S €2 (k+1)g N
” ( tk)Hpk H ( lk—i—l)“% (L-decay)
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Smoothing effect: proof (Moser’s iteration)

C W % Zpki{])];fl
> ) ggmen < ()77 275 )
2N—o

N(Q2px +m—1)

> if po=p >
N — o Dk po=p

» pit1 =

» |teration
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