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Fractional filtration equation ut + (−∆)σ/2(ϕ(u)) = 0, x ∈ Ω, t > 0

u(·, 0) = f ∈ L1(Ω)

0 < σ < 2

I DOMAIN: Ω = RN or Ω bounded

I BOUNDARY DATA (Ω BOUNDED): u = 0, x ∈ ∂Ω, t > 0

I NON-LINEARITIES: ϕ continuous, non-decreasing, ϕ(0) = 0

• Examples:

 ϕ(u) = |u|m−1u, m > 0

ϕ(u) = log(1 + u), f ≥ 0
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(−∆)σ/2

A non-negative, self-adjoint, linear operator

Aαu(x) =
1

Γ(−α)

∫ ∞
0

(
e−tAu(x)− u(x)

) dt
t1+α

• λα =
1

Γ(−α)

∫ ∞
0

(
e−tλ − 1

) dt
t1+α

, λ > 0

(−∆)σ/2u(x) =
1

Γ(−σ
2 )

∫ ∞
0

(
et∆u(x)− u(x)

) dt

t1+σ
2
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Non-local operator
Ω = RN

I F
(
(−∆)σ/2u

)
(ξ) = |ξ|σ F(u)(ξ)

I (−∆)σ/2u(x) = CN,σP.V.
∫

RN

u(x)− u(y)
|x− y|N+σ

dy
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Non-local operator
Ω = RN

I F
(
(−∆)σ/2u

)
(ξ) = |ξ|σ F(u)(ξ)

I (−∆)σ/2u(x) = CN,σP.V.
∫

RN

u(x)− u(y)
|x− y|N+σ

dy

Ω bounded, homogeneous Dirichlet B. C.

I u =
∞∑

k=1

ukφk ⇒ (−∆)σ/2u =
∞∑

k=1

λ
σ/2
k ukφk

 −∆φk = λkφk, x ∈ Ω,

φk = 0, x ∈ ∂Ω
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Motivation

• Non-linear generalization of the fractional heat equation

ut + (−∆)σ/2u = 0

• Non-local generalization of the filtration equation

ut −∆(ϕ(u)) = 0

(Other possible generalizations [Caffarelli-Vázquez, 2009])

• Hydrodynamic limit of zero range processes [Jara, 2009]
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Random walk

A jump process

I u(x, t): probability of lying at x ∈ hZN

at time t ∈ τZ.

I K(k − j): probability of jumping from
hk to hj in a time unit τ .

I u(x, t + τ) =
∑
k∈ZN

K(k)u(x + hk, t)

u(x, t + τ)− u(x, t)
τ

=
∑
k∈ZN

K(k)
τ

(
u(x + hk, t)− u(x, t)

)

I Jumps only to closest neighbours, τ = h2 → 0 ⇒ Heat equation
Fernando Quirós Seminari d’equacions en derivades parcials i aplicacions FME-UPC, Barcelona, 26-1-2012 6



Random walk with long jumps

I K(z) = CN,σ|z|−(N+σ), σ ∈ (0, 2)

I τ = hσ:
K(k)
τ

= hNK(hk)

I
u(x, t + τ)− u(x, t)

τ
= hN

∑
k∈ZN

K(hk)
(
u(x + hk)− u(x)

)

τ = hσ → 0

ut = P.V.
∫

RN K(z)
(
u(x + z)− u(x)

)
dz

= CN,σP.V.
∫

RN

u(x + z)− u(x)
|z|N+σ

dz︸ ︷︷ ︸
−(−∆)σ/2u(x)
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Mild solution

I THEOREM [Crandall-Pierre, 1982]: A linear operator such that

∃ mild solution (ITD):
{

ut + Au = 0,
u(0) = f ∈ L1

+
conditions on ϕ

⇓

∃ mild solution:
{

ut + Aϕ(u) = 0,
u(0) = f ∈ L1

I Abstract construction⇒

• Not enough information to prove that mild⇒ weak.
• No estimates⇒ No further properties.
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Integration by parts / Functional space

I
∫

RN
(−∆)σ/2ϕψ =

∫
RN
|ξ|σϕ̂ ψ̂ =

∫
RN
|ξ|σ/2ϕ̂ |ξ|σ/2ψ̂

=
∫

RN
(−∆)σ/4ϕ (−∆)σ/4ψ
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Integration by parts / Functional space

I
∫

RN
(−∆)σ/2ϕψ =

∫
RN
|ξ|σϕ̂ ψ̂ =

∫
RN
|ξ|σ/2ϕ̂ |ξ|σ/2ψ̂

=
∫

RN
(−∆)σ/4ϕ (−∆)σ/4ψ

I

‖ϕ‖Ḣσ/2 =
(∫

RN
|ξ|σ|ϕ̂|2 dξ

)1/2

= ‖(−∆)σ/4ϕ‖2

=

(∫
RN

(
CN,σP.V.

∫
RN

ϕ(x)− ϕ(y)
|x− y|N+σ

2
dy
)2

dx

)1/2
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Weak/strong solutions
Weak (L1-energy) solution

• u ∈ C([0,∞) : L1(RN)), ϕ(u) ∈ L2
loc((0,∞) : Ḣσ/2(RN))

•
∫ ∞

0

∫
RN

u
∂ψ

∂t
dxds−

∫ ∞
0

∫
RN

(−∆)σ/4(ϕ(u))(−∆)σ/4ψ dxds = 0,

∀ψ ∈ C1
c(RN × (0,∞))

• u(·, 0) = f a.e.
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Weak/strong solutions
Weak (L1-energy) solution

• u ∈ C([0,∞) : L1(RN)), ϕ(u) ∈ L2
loc((0,∞) : Ḣσ/2(RN))

•
∫ ∞

0

∫
RN

u
∂ψ

∂t
dxds−

∫ ∞
0

∫
RN

(−∆)σ/4(ϕ(u))(−∆)σ/4ψ dxds = 0,

∀ψ ∈ C1
c(RN × (0,∞))

• u(·, 0) = f a.e.

Strong solution

• Weak (L1-energy) solution

• ∂tu ∈ L1
loc(RN × (0,∞)) + . . .
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Difficulties

I (−∆)σ/4(ϕψ) = ?

I (−∆)σ/4(ϕ ◦ ψ) = ?

I (−∆)σ/4ψ not compactly supported even when ψ is

• (−∆)σ/4 non-local operator
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σ-harmonic extension [Caffarelli-Silvestre, 2007]

v = E(g) :


Lσv ≡ div(y1−σ∇v) = 0, RN+1

+ = {x ∈ RN , y > 0}

v(x, 0) = g(x), x ∈ RN

I v(x, y) =
∫

RN
P(x− ξ, y)g(ξ) dξ, P(x, y) = dN,σ

yσ

(|x|2 + |y|2)(N+σ)/2

I lim
y→0+

y1−σ ∂v
∂y

= σ lim
y→0+

v(x, y)− v(x, 0)
yσ

= σ lim
y→0+

∫
RN

P(x− ξ, y)
yσ

(g(ξ)− g(x)) dξ = −σdN,σ

CN,σ
(−∆)σ/2g

∂v
∂yσ
≡ µσ lim

y→0+
y1−σ ∂v

∂y
= −(−∆)σ/2g
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An equivalent local problem

I w = E(ϕ(u)), u = ϕ−1(Tr(w))


Lσw = 0, (x, y) ∈ RN+1

+ , t > 0,
∂w
∂yσ
− ∂ϕ−1(w)

∂t
= 0, x ∈ RN , y = 0, t > 0,

w = ϕ(f ), x ∈ RN , y = 0, t = 0.

I Some proofs (e.g. existence) may be easier in this formulation!

I Dynamical boundary conditions (Amann, Escher, Fila, Vitillaro, ...)
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Weak solution (local problem)

Weak (L1-energy) solution

• u ∈ C([0,∞) : L1(RN)), w ∈ L2
loc((0,∞) : Xσ(RN+1

+ ));

•
∫ ∞

0

∫
RN

u
∂ψ

∂t
dxds− µσ

∫ ∞
0

∫
RN+1

+

y1−σ〈∇w,∇ψ〉 dxdyds = 0,

∀ψ ∈ C1
c

(
RN+1

+ × (0,∞)
)

;

• u(·, 0) = f a.e.

I ‖v‖Xσ =

(
µσ

∫
RN+1

+

y1−σ|∇v|2 dxdy

)1/2
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Extension / trace operators

I E : Ḣσ/2(RN)→ Xσ(RN+1
+ ) isometry [Caffarelli-Silvestre, 2007]

I µσ

∫
RN+1

+

y1−σ〈∇E(ϕ),∇E(ψ)〉 =
∫

RN
(−∆)σ/4ϕ (−∆)σ/4ψ

I Tr(Ψ1) = Tr(Ψ2)
⇓∫

RN+1
+

y1−σ〈∇E(ϕ),∇Ψ1〉 =
∫

RN+1
+

y1−σ〈∇E(ϕ),∇Ψ2〉

I Tr : Xσ(RN+1
+ )→ Ḣσ/2(RN) surjective and continuous

I TRACE EMBEDDING: ‖Φ‖Xσ ≥ ‖E(Tr(Φ))‖Xσ = ‖Tr(Φ)‖Ḣσ/2
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Stroock-Varopoulos inequality, σ = 2

I ψ′ = (Ψ′)2:

∫
RN
ψ(v)(−∆)v =

∫
RN
〈∇ψ(v),∇v〉

=
∫

RN
ψ′ |∇v|2

=
∫

RN
|∇Ψ(v)|2

=
∫

RN

∣∣∣(−∆)1/2Ψ(v)
∣∣∣2
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Stroock-Varopoulos inequality, σ = 2

I ψ′ = (Ψ′)2:

∫
RN
ψ(v)(−∆)v =

∫
RN
〈∇ψ(v),∇v〉

=
∫

RN
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RN
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Stroock-Varopoulos inequality, 0 < σ < 2 [S, 1984], [V, 1985]

THM: ψ′ = (Ψ′)2 ⇒
∫

RN
ψ(v)(−∆)σ/2v ≥

∫
RN

∣∣∣(−∆)σ/4Ψ(v)
∣∣∣2

∫
RN
ψ(v)(−∆)σ/2v =

∫
RN

(−∆)σ/4ψ(v)(−∆)σ/4v

= µσ

∫
RN+1

+

y1−σ〈∇E(ψ(v)),∇E(v)〉

= µσ

∫
RN+1

+

y1−σ ψ′ 〈∇E(v),∇E(v)〉

= µσ

∫
RN+1

+

y1−σ |∇Ψ(E(v))|2

≥
∫

RN

∣∣∣(−∆)σ/4Ψ(v)
∣∣∣2
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A pointwise inequality [Córdoba-Córdoba, 2003]

I Local case: φ′′(u) ≥ 0.

• (−∆)(φ(u)) = −φ′′(u) |∇u|2 + φ′(u)(−∆)u

≤ φ′(u)(−∆)u
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A pointwise inequality [Córdoba-Córdoba, 2003]

I Local case: φ′′(u) ≥ 0.

• (−∆)(φ(u)) = −φ′′(u) |∇u|2 + φ′(u)(−∆)u

≤ φ′(u)(−∆)u

I Non-local case: φ convex

• φ(u(y)) ≥ φ(u(x)) + φ′(u(x))(u(y)− u(x))

• (−∆)σ/2(φ(u))(x) = CN,σP.V.
∫

RN

φ(u(x))− φ(u(y))
|x− y|N+σ

dy

≤ φ′(u(x))CN,σP.V.
∫

RN

u(x)− u(y)
|x− y|N+σ

dy

= φ′(u(x))(−∆)σ/2u(x)
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Hardy-Littlewood-Sobolev’s inequality

THEOREM [H-L, 1928], [S, 1938]: 0 < σ < min{2,N}
⇓

‖φ‖ 2N
N−σ
≤ C‖(−∆)σ/4φ‖2, (Ḣσ/2(RN) ↪→ L

2N
N−σ (RN))
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Hardy-Littlewood-Sobolev’s inequality

THEOREM [H-L, 1928], [S, 1938]: 0 < σ < min{2,N}
⇓

‖φ‖ 2N
N−σ
≤ C‖(−∆)σ/4φ‖2, (Ḣσ/2(RN) ↪→ L

2N
N−σ (RN))

I Riesz potential: 0 < σ < N,(
(−∆)−σ/2g

)
(x) = C

∫
RN

g(y) dy
|x− y|n−σ

I HLS inequality: 1 < p <∞,
1
q

=
1
p
− σ

N

‖(−∆)−σ/2g‖q ≤ Ap,q‖g‖p
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Hardy-Littlewood-Sobolev’s inequality

THEOREM [H-L, 1928], [S, 1938]: 0 < σ < min{2,N}
⇓

‖φ‖ 2N
N−σ
≤ C‖(−∆)σ/4φ‖2, (Ḣσ/2(RN) ↪→ L

2N
N−σ (RN))

I Riesz potential: 0 < σ < N,(
(−∆)−σ/2g

)
(x) = C

∫
RN

g(y) dy
|x− y|n−σ

I HLS inequality: 1 < p <∞,
1
q

=
1
p
− σ

N

‖(−∆)−σ/2g‖q ≤ Ap,q‖g‖p

1 = N ≤ σ < 2?
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Potential spaces: Lp
α(RN)

I Bessel potentials [Aronszajn-Smith, 1961], [Calderon, 1961]:

• Jα(g) = (I −∆)−α/2g

• Jα(g) = Gα ∗ g, Ĝα(ξ) = (1 + |ξ|2)−α/2

• ‖Gα‖1 = 1, ‖Jα(g)‖p ≤ ‖g‖p

I Bessel potential spaces: Lp
α(RN) = Jα(Lp(RN))

• φ = Jα(g)→ ‖φ‖Lp
α

= ‖g‖p

I THEOREM [Stein, 1961]:

• φ ∈ Lp
α(RN)⇔ φ, (−∆)α/2φ ∈ Lp(RN)

• ‖φ‖Lp
α
∼ ‖φ‖p + ‖(−∆)α/2φ‖p

Fernando Quirós Seminari d’equacions en derivades parcials i aplicacions FME-UPC, Barcelona, 26-1-2012 20



Morrey-Sobolev imbedding

I Hα(RN) = L2
α(RN)

= {φ ∈ L2(RN) : (1 + |ξ|2)α/2 φ̂ ∈ L2(RN)}

THEOREM: 2 > σ > N = 1, φ ∈ Hσ/2(RN)

⇓
φ ∈ C0(RN), ‖φ‖∞ ≤ C‖φ‖Hσ/2(RN)

•
∫

RN
|φ̂(ξ)| dξ =

∫
RN

(1 + |ξ|2)σ/4 |φ̂(ξ)|
(1 + |ξ|2)σ/4 dξ

≤
(∫

RN

dξ

(1 + |ξ|2)
σ
2

) 1
2

︸ ︷︷ ︸
C

(∫
RN

(1 + |ξ|2)
σ
2 |φ̂(ξ)|2 dξ

) 1
2

︸ ︷︷ ︸
‖φ‖

Hσ/2(RN)
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Classical Nash inequality [Nash, 1958]

THEOREM: 0 < σ ≤ 2, φ ∈ L1(RN) ∩ Ḣσ/2(RN)

⇓

‖φ‖1+σ
N

2 ≤ C‖φ‖σ/N
1 ‖φ‖Ḣσ/2

•
∫
|ξ|≥ρ

|φ̂(ξ)|2 dξ ≤ ρ−σ
∫
|ξ|≥ρ

|ξ|σ|φ̂(ξ)|2 dξ ≤ ρ−σ‖φ‖2
Ḣσ/2

•
∫
|ξ|≤ρ

|φ̂(ξ)|2 dξ ≤ ωNρ
N‖φ‖2

1

• ‖φ‖2
2 = ‖φ̂‖2

2 ≤ ρ−σ‖φ‖2
Ḣσ/2 + ωNρ

N‖φ‖2
1
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A new Nash type inequality [dPQRV, to appear]

THEOREM: 0 < σ < 2, φ ∈ Lp(RN) ∩ Ḣσ/2(RN)

⇓

‖φ‖1+ p
2

N(p+2)
2N−σ

≤ C‖φ‖p/2
p ‖φ‖Ḣσ/2

I Stroock-Varopoulos:
∫

RN
φ

p
2 (−∆)

σ
4 φ ≥ C

∫
RN

∣∣∣(−∆)
σ
8 φ

p+2
4

∣∣∣2

I Hardy-Littlewood-Sobolev:
∫

RN

∣∣∣(−∆)
σ
8 φ

p+2
4

∣∣∣2 ≥ (∫
RN
φ

N(p+2)
2N−σ

) 2N−σ
2N

I Hölder:
∫

RN
φ

p
2 (−∆)

σ
4 φ ≤ ‖φ‖p/2

p ‖φ‖Ḣσ/2
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A Trudinger type inequality [Strichartz, 1972]

THEOREM: ‖φ‖H1/2(R) ≤ 1 ⇒
∫

R
(eφ

2(x) − 1) dx ≤ C

I Nash:

• ‖φ‖p+2
p+2 ≤ c‖(−∆)1/4φ‖2

2 ‖φ‖
p
p

• ‖φ‖2k
2k ≤ ck−1‖(−∆)1/4φ‖2(k−1)

2 ‖φ‖2
2

I
∫

R
(eφ

2(x) − 1) dx =
∞∑

k=1

1
k!

∫
R
φ2k(x) dx

≤
∞∑

k=1

ck−1‖(−∆)1/4φ‖2(k−1)
2

(k − 1)!
‖φ‖2

2

= ec‖(−∆)1/4φ‖2
2 ‖φ‖2

2
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Gagliardo type norms [Gagliardo, 1957]

I φ ∈ Hσ/2(RN)⇔ φ ∈ L2(RN),
∫∫

RN×RN

|φ(x)− φ(y)|2

|x− y|N+σ
dxdy <∞

I ‖φ‖Hσ/2 ∼ ‖φ‖2 +
∫∫

RN×RN

|φ(x)− φ(y)|2

|x− y|N+σ
dxdy

•
∫

RN |φ(x + h)− φ(x)|2 dx =
∫

RN |eih·ξ − 1|2|φ̂(ξ)|2 dξ

=
∫

RN sin2
(

h·ξ
2

)
|φ̂(ξ)|2 dξ

•
∫∫

RN×RN
|φ(x)−φ(y)|2
|x−y|N+σ dxdy =

∫
RN |φ̂(ξ)|2

(∫
RN

sin2( h·ξ
2 )

|h|N+σ dh
)

dξ

= C
∫

RN |ξ|σ|φ̂(ξ)|2 dξ

I COROLLARY: φ ∈ Hσ/2(RN), ψ ∈ S(RN) ⇒ φψ ∈ Hσ/2(RN)
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Besov spaces [Besov, 1961]

I Lp modulus of continuity: ωp(t) = ‖φ(x + t)− φ(x)‖p

I L2
α =

{
f ∈ L2(RN) :

(∫
RN

(ω2(t))2

|t|N+2α

)1/2

<∞

}

I BESOV SPACES : Λp,q
α =

{
f ∈ Lp(RN) :

(∫
RN

(ωp(t))q

tN+αq dt
)1/q

<∞

}

I Theorem : 1 < p <∞, 0 < α < 1

Lp
α ⊂ Λp,p

α , Λp,2
α ⊂ Lp

α, p ≥ 2

Lp
α ⊂ Λp,2

α , Λp,p
α ⊂ Lp

α, p ≤ 2
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An application: smoothing effect

I u strong solution to

 ut + (−∆)σ/2(um) = 0,

u(·, 0) = f ∈ L1(RN) ∩ L∞(RN)
, m > 0

THEOREM: p > max{1, (1− m)N/σ}

⇓

sup
x∈RN
|u(x, t)| ≤ C t−N/(N(m−1)+σp)‖f‖σp/(N(m−1)+σp)

p
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Smoothing effect: proof (Moser’s iteration)

I Multiply by upk−1, integrate on RN × (tk, tk+1), tk = (1− 2−k)t:

∫
RN

upk(·, tk) = pk

∫ tk+1

tk

∫
RN

(−∆)σ/2(um)upk−1 +
∫

RN
upk(·, tk+1)

≥ C
∫ tk+1

tk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ (Stroock-Varopoulos)

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖pk

pk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ (Lp-decay)

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖2pk+m−1

N(2pk+m−1)
2N−σ

dτ (Nash-Gagliardo-Nirenberg)

≥ C2−(k+1)t
‖u(·, tk)‖pk

pk

‖u(·, tk+1)‖2pk+m−1
N(2pk+m−1)

2N−σ

(Lp-decay)
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Smoothing effect: proof (Moser’s iteration)

I ‖u(·, tk+1)‖N(2pk+m−1)
2N−σ

≤
(c

t

) 1
2pk+m−1 2

k+1
2pk+m−1 ‖u(·, tk)‖

2pk
2pk+m−1
pk

I pk+1 ≡
N(2pk + m− 1)

2N − σ
> pk if p0 = p >

(1− m)N
σ

I Iteration
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